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Dark Photon ( 1983 Holdom ~ ) 

A simple extension of the SM with a massive “dark photon (  )” that 
mixes with the QED (or U(1)Y gauge boson).

γ′ 

Photon Dark Photon Kinetic Mixing

In the canonical base, i.e,

γ′ Jμ
QED
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only the “dark photon - QED current coupling” appears!
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Recently, dark photon has attracted attention as it plays various roles in 
light dark matter models.

Typically :
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m�0 ⌧ O(100)GeV

2 The model of dark photon

The massive dark photon has the kinetic mixing interaction with the QED photon,
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Here, Fµ⌫ (F 0
µ⌫) represents the field strength of the QED (dark) photon, Aµ (A0µ) is the SM (dark)

photon field, and JQED is the QED current. The gauge coupling constant of QED is given as e,

while m�0 and " are the dark photon mass and the mixing parameter, respectively. Throughout

this paper, we assume that the kinetic mixing is tiny, " ⌧ 1.2 The redefinition of the QED photon

field eliminates the kinetic mixing term, which induces the dark photon interaction, "eA
0
µJ

µ
QED.

Accordingly, the partial decay rate of the dark photon into a pair of the electron and positron is

given by
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where ↵ = e
2
/4⇡ is the QED fine structure constant and me = 0.511MeV is the electron mass.

Since the dark photon coupling to the neutrinos are suppressed, it heats up only the electron-photon

plasma if it decays or annihilates after the neutrino decoupling. This e↵ect reduces Ne↵ , which can

be constrained by the CMB observations.

Let us discuss the production of the dark photon in the early Universe. There are various

production mechanisms of the dark photon depending on the cosmological history as well as the

underlying dark sector to which the dark photon belongs. For example, the dark sector may also

contain a dark Higgs and dark matter. In this work, we focus on two mechanisms: production

from the SM thermal plasma (freeze-in mechanism) and that from the dark sector thermal bath

(freeze-out mechanism).3 In the first case, the dark photon contribution is solely determined by "

and m�0 . In the second case, it depends on other parameters in the dark sector.

The first one is the thermal freeze-in mechanism, in which the dark photons are produced from

the SM plasma via the interaction in Eq. (1). For example, the (inverse) decay process e++ e
�
$ �

0

and the scattering processes such as e
+ + e

�
$ � + �

0 contribute to the freeze-in production (see

Fig. 1).

The thermal averaged production rates are h�e++e�!�0i ⇠ ↵"
2
m

2
�0/T and h�scatteringi ⇠ ↵

2
"
2
T ,

respectively, where T is the temperature of the SM thermal bath. Thus, the inverse-decay and the

scattering productions become larger than the Hubble expansion rate H only when the T becomes

lower than TID ' (↵"2m2
�0MP )1/3 and TSC ' ↵

2
"
2
MP , respectively. Here, MP ' 2.4 ⇥ 1018GeV is

the reduced Planck scale.
2
The tiny kinetic mixing term can be naturally obtained when the U(1) gauge symmetry to which the dark photon

associates is embedded into a non-Abelian gauge group at a high energy (see e.g, Refs. [14, 15]).
3
In both scenarios, we assume that no dark sector particles such as the dark Higgs appear in the MeV region

except for the dark photon. The presence of additional light particles makes thermal history more complicated.

2

<latexit sha1_base64="QJc2NfOFqVeUXX3j1uJ+7MEh7OU=">AAACBHicbVDLSgMxFM34rPU16rKbYBEFocyIqMv6WIirCvYB7Thk0kwbmmSGJCOUoQs3/oobF4q49SPc+Tdm2llo64GQwzn3cu89Qcyo0o7zbc3NLywuLRdWiqtr6xub9tZ2Q0WJxKSOIxbJVoAUYVSQuqaakVYsCeIBI81gcJn5zQciFY3EnR7GxOOoJ2hIMdJG8u3SYQ+e+x2e7MObe/MZinRf8vSqNvLtslNxxoCzxM1JGeSo+fZXpxvhhBOhMUNKtV0n1l6KpKaYkVGxkygSIzxAPdI2VCBOlJeOjxjBPaN0YRhJ84SGY/V3R4q4UkMemMpsRTXtZeJ/XjvR4ZmXUhEnmgg8GRQmDOoIZonALpUEazY0BGFJza4Q95FEWJvciiYEd/rkWdI4qrgnFff2uFy9yOMogBLYBQfABaegCq5BDdQBBo/gGbyCN+vJerHerY9J6ZyV9+yAP7A+fwBZlJdM</latexit>
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µ
DP

formation of the pseudo magnetic monopole. The final section is devoted to the conclusion.

II. GAUGE KINETIC MIXING AND STRINGS/MONOPOLES

In this section, we discuss how the SM sector is a↵ected by the dark cosmic string and

the dark monopole through the kinetic mixing. In the following, we focus on the e↵ects on

the QED gauge field, although the following discussion can be extended to the full SM. The

QED gauge field configuration in the presence of the bead solution is discussed in the next

section.

A. Cosmic String

First, let us consider the dark photon model based on the U(1)D gauge theory coupling

to the QED photon,
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Here, Fµ⌫ and F
0
µ⌫ represent the gauge field strengths of the U(1)QED and the U(1)D gauge

theories, respectively. The corresponding gauge fields are given by Aµ and A
0
µ. The parame-

ter ✏ is the kinetic mixing parameter.6 The gauge coupling constants of U(1)QED and U(1)D

are denoted by e and g, respectively. Throughout this paper, we assume that the charge

assignment of the U(1)QED and the U(1)D is exclusive in the basis defined in Eq. (1). That

is, all the SM fields are neutral under U(1)D, while all the U(1)D charged fields are neutral

under U(1)QED.

To break the U(1)D, we introduce a complex scalar field � with the U(1)D charge 1. The

covariant derivative of � is given by

Dµ� = (@µ � igA
0
µ)� . (2)

6 The kinetic mixing parameter to U(1)Y of the SM, i.e., ✏Y FY
µ⌫F

0µ⌫
/2, is related to ✏ by ✏ = ✏Y cos ✓W

with ✓W being the weak mixing angle.
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✏ ⌧ 1
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Gauge couplings
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Origin of Dark Photon Mass ?

A massive “dark photon (  )” as a Stuckelberg vector boson?γ′ 

( Longitudinal mode : 
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Gauge symmetry : 
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Coupling to a Higgs boson :

→ perturbative unitarity of    is violated forγ′ γ′ → H†H
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It seems more likely that the massive dark photon arises from 

spontaneous breaking of U(1) gauge symmetry.

) 
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What if U(1) gauge symmetry is embedded in SU(2) ?

Two-Step Spontaneous Symmetry Breaking  ( SU(2) breaking → U(1) breaking )

i.e., Xµ = 0. The magnetic flux of the dark cosmic string is then given by,

I
X

0
sµdx

µ =
2⇡n

gs
. (22)

In this shifted basis, the AB phases on the QED charged particles appear through the

direct coupling to the dark photon, X 0
µ,
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Thus, again, the AB phase of the QED charged particle with the charge q is given by,
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B. Monopole

Next, we discuss the e↵ects of the kinetic mixing on the ’t Hooft-Polyakov-type monopole [31–

33]. Unlike in the previous subsection, we here assume that the U(1)D gauge symmetry

stems from SU(2)D gauge symmetry and remains unbroken.

1. Monopole for ✏ = 0

Let us first consider the SU(2)D gauge theory with a scalar field in the adjoint represen-

tation, �a (a = 1, 2, 3). The relevant Lagrangian density is given by,
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Here, A0a
µ is the SU(2)D gauge field, F 0a

µ⌫ its field strength, and g is the gauge coupling constant

of SU(2)D. We assume � ⇠ g in the following analysis. As in the previous subsection, we
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2. Monopole for ✏ 6= 0

In the non-Abelian extension of the dark sector, the kinetic mixing between U(1)D ⇢

SU(2)D and U(1)QED originates from a higher dimensional term,
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where ⇤ is a high-energy cuto↵ scale at ⇤ � v. Here, we show only the kinetic and the

kinetic mixing terms of the gauge fields. Similarly to the case of the U(1)D model, we assume

that no fields are charged under both the SM and the SU(2)D gauge symmetries.

At the trivial vacuum in Eq. (28), the above higher dimensional operator provides the

kinetic mixing parameter,

✏ =
v

⇤
, (54)

where A03
µ is identified with the dark photon, A0

µ. For ✏ ⌧ 1, the e↵ect of the kinetic mixing

to the scalar configuration is expected to be negligible. In this case, we may go to the

shifted basis (Xµ, X
0
µ) defined in Eq. (20) to cancel the kinetic mixing term. In the presence

of the dark monopole, on the other hand, the kinetic mixing term is no more constant in

the three-dimensional space,
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Thus, the kinetic mixing term cannot be cancelled by shifting the QED gauge boson.11

Now let us look at the field equations of the QED gauge field around the dark monopole

solution;
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@µF̃
µ⌫ = 0 . (57)

11 In the combed gauge in Eqs. (46) and (48), the gauge kinetic term is a constant in the asymptotic region,

r � (gv)�1. In this case, we can define a shifted QED gauge boson in each chart and can cancel the

kinetic mixing term, though it is not possible to cancel the mixing term globally.
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2 The model of dark photon

The massive dark photon has the kinetic mixing interaction with the QED photon,
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Here, Fµ⌫ (F 0
µ⌫) represents the field strength of the QED (dark) photon, Aµ (A0µ) is the SM (dark)

photon field, and JQED is the QED current. The gauge coupling constant of QED is given as e,

while m�0 and " are the dark photon mass and the mixing parameter, respectively. Throughout

this paper, we assume that the kinetic mixing is tiny, " ⌧ 1.2 The redefinition of the QED photon

field eliminates the kinetic mixing term, which induces the dark photon interaction, "eA
0
µJ

µ
QED.

Accordingly, the partial decay rate of the dark photon into a pair of the electron and positron is

given by

��0!e+e� =
1

3
↵"

2
m�0

 
1 +

2m2
e

m
2
�0

!s
1�

4m2
e

m
2
�0

, (2)

where ↵ = e
2
/4⇡ is the QED fine structure constant and me = 0.511MeV is the electron mass.

Since the dark photon coupling to the neutrinos are suppressed, it heats up only the electron-photon

plasma if it decays or annihilates after the neutrino decoupling. This e↵ect reduces Ne↵ , which can

be constrained by the CMB observations.

Let us discuss the production of the dark photon in the early Universe. There are various

production mechanisms of the dark photon depending on the cosmological history as well as the

underlying dark sector to which the dark photon belongs. For example, the dark sector may also

contain a dark Higgs and dark matter. In this work, we focus on two mechanisms: production

from the SM thermal plasma (freeze-in mechanism) and that from the dark sector thermal bath

(freeze-out mechanism).3 In the first case, the dark photon contribution is solely determined by "

and m�0 . In the second case, it depends on other parameters in the dark sector.

The first one is the thermal freeze-in mechanism, in which the dark photons are produced from

the SM plasma via the interaction in Eq. (1). For example, the (inverse) decay process e++ e
�
$ �

0

and the scattering processes such as e
+ + e

�
$ � + �

0 contribute to the freeze-in production (see

Fig. 1).

The thermal averaged production rates are h�e++e�!�0i ⇠ ↵"
2
m

2
�0/T and h�scatteringi ⇠ ↵

2
"
2
T ,

respectively, where T is the temperature of the SM thermal bath. Thus, the inverse-decay and the

scattering productions become larger than the Hubble expansion rate H only when the T becomes

lower than TID ' (↵"2m2
�0MP )1/3 and TSC ' ↵

2
"
2
MP , respectively. Here, MP ' 2.4 ⇥ 1018GeV is

the reduced Planck scale.
2
The tiny kinetic mixing term can be naturally obtained when the U(1) gauge symmetry to which the dark photon

associates is embedded into a non-Abelian gauge group at a high energy (see e.g, Refs. [14, 15]).
3
In both scenarios, we assume that no dark sector particles such as the dark Higgs appear in the MeV region

except for the dark photon. The presence of additional light particles makes thermal history more complicated.

2

i.e., Xµ = 0. The magnetic flux of the dark cosmic string is then given by,

I
X

0
sµdx

µ =
2⇡n

gs
. (22)

In this shifted basis, the AB phases on the QED charged particles appear through the

direct coupling to the dark photon, X 0
µ,

L = �
✏e

p
1� ✏2

X
0
µJ

µ
QED . (23)

Thus, again, the AB phase of the QED charged particle with the charge q is given by,

qWQED =
q✏e

p
1� ✏2

I
X

0
µdx

µ =
2⇡nq✏e

g
. (24)

B. Monopole

Next, we discuss the e↵ects of the kinetic mixing on the ’t Hooft-Polyakov-type monopole [31–

33]. Unlike in the previous subsection, we here assume that the U(1)D gauge symmetry

stems from SU(2)D gauge symmetry and remains unbroken.

1. Monopole for ✏ = 0

Let us first consider the SU(2)D gauge theory with a scalar field in the adjoint represen-

tation, �a (a = 1, 2, 3). The relevant Lagrangian density is given by,

L = �
1

4
F

0a
µ⌫F

0aµ⌫ +
1

2
Dµ�

a
D

µ
�
a
�

�

4
(�a

�
a
� v

2)2 , (25)

F
0a
µ⌫ = @µA

0a
⌫ � @⌫A

0a
µ + g✏

abc
A

0b
µA

0c
⌫ , (26)

Dµ�
a = @µ�

a + g✏
abc

A
0b
µ�

c
. (27)

Here, A0a
µ is the SU(2)D gauge field, F 0a

µ⌫ its field strength, and g is the gauge coupling constant

of SU(2)D. We assume � ⇠ g in the following analysis. As in the previous subsection, we

8

Photon Dark SU(2) Kinetic Mixing SU(2) adjoint scalar ϕa
1 (a = 1,2,3)

 SU(2) → U(1) by the VEV of the adjoint scalar

→ effective kinetic mixing is induced :

Two-step SSB model is advantageous to explain tiny kinetic mixing.
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 SU(2) gauge symmetry breaking
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1

fields, �a
1 and �

a
2 (a = 1, 2, 3). The potential of these scalar fields is assumed to be

V =
�1

4
(�1 · �1 � v

2
1) +

�2

4
(�2 · �2 � v

2
2) +



2
(�1 · �2)

2
, (58)

where �i ·�j = �
a
i �

a
j . We omit terms such as (�1 ·�1)(�2 ·�2), for simplicity.12 The coupling

constants, �1,�2 and  are taken to be positive. We assume v1 � v2, so that the intermediate

U(1)D symmetric phase is meaningful.

When �
a
1 takes the trivial vacuum configuration

h�
a
1i = v1�

a3
, (59)

SU(2)D is broken down to the U(1)D. The remaining U(1)D symmetry corresponds to the

SO(2) rotation around the a = 3 axis of SO(3)' SU(2)D vectors, �a
1,2. Subsequently, �2

obtains a non-vanishing VEV at a much lower energy scale to minimize the second term of

the potential. For  > 0, the last term in Eq. (58) lifts the a = 3 component of �2. Thus,

for  > 0, the VEV of �a
2 is required to be orthogonal to h�

a
1i, i.e., h�1i · h�2i = 0. As a

result, h�a
2i takes a value in the (�1

2,�
2
2) plane, that is,

h�
a
2i = v2�

a1
. (60)

for example, which breaks U(1)D spontaneously. In this way, successive symmetry breaking,

SU(2)D ! U(1)D ! Z2, is achieved for v1 � v2. Here, the remaining Z2 symmetry is the

center of SU(2)D which leaves the VEVs of �1,2 invariant.

Now, let us assume that the dark monopole is formed at the first phase transition,

SU(2)D ! U(1)D. The asymptotic form of �a
1 in the monopole solution is given by Eq. (29),

�
a
1 ! v1

x
a

r
, (61)

at r � (gv1)�1. At the second stage of the phase transition, the configuration of �a
2 prefers

12 As for the terms such as (�1 · �2), (�1 · �1)(�1 · �2) and (�1 · �2)(�2 · �2) may be suppressed by additional

Z2 symmetry under which �1 is odd while �2 is even. This additional symmetry remains unbroken by the

VEV of �1 in Eq. (59) in combination with the Z2 element in SU(2)D/U(1)D.
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at r � (gv1)�1. At the second stage of the phase transition, the configuration of �a
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Z2 symmetry under which �1 is odd while �2 is even. This additional symmetry remains unbroken by the

VEV of �1 in Eq. (59) in combination with the Z2 element in SU(2)D/U(1)D.
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2. Monopole for ✏ 6= 0

In the non-Abelian extension of the dark sector, the kinetic mixing between U(1)D ⇢

SU(2)D and U(1)QED originates from a higher dimensional term,

Lgauge = �
1

4
Fµ⌫F

µ⌫
�

1

4
F

0a
µ⌫F

0aµ⌫ +
�
a

2⇤
F

0a
µ⌫F

µ⌫
, (53)

where ⇤ is a high-energy cuto↵ scale at ⇤ � v. Here, we show only the kinetic and the

kinetic mixing terms of the gauge fields. Similarly to the case of the U(1)D model, we assume

that no fields are charged under both the SM and the SU(2)D gauge symmetries.

At the trivial vacuum in Eq. (28), the above higher dimensional operator provides the

kinetic mixing parameter,

✏ =
v

⇤
, (54)

where A03
µ is identified with the dark photon, A0

µ. For ✏ ⌧ 1, the e↵ect of the kinetic mixing

to the scalar configuration is expected to be negligible. In this case, we may go to the

shifted basis (Xµ, X
0
µ) defined in Eq. (20) to cancel the kinetic mixing term. In the presence

of the dark monopole, on the other hand, the kinetic mixing term is no more constant in

the three-dimensional space,

Lmixing = �
v

2⇤

x
a

r
H(r)F 0a

µ⌫F
µ⌫

. (55)

Thus, the kinetic mixing term cannot be cancelled by shifting the QED gauge boson.11

Now let us look at the field equations of the QED gauge field around the dark monopole

solution;

@µF
µ⌫

� ✏@µF
0µ⌫ = eJ

⌫
QED , (56)

@µF̃
µ⌫ = 0 . (57)

11 In the combed gauge in Eqs. (46) and (48), the gauge kinetic term is a constant in the asymptotic region,

r � (gv)�1. In this case, we can define a shifted QED gauge boson in each chart and can cancel the

kinetic mixing term, though it is not possible to cancel the mixing term globally.
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The possibility that the origin of dark photons is due to two-step SSB 

may be an interesting story.   

( SU(2) breaking scale    U(1) breaking scale)≫

4



Topological Defects in two-step symmetry breaking ?

At SU(2) → U(1) Breaking 

We expect “dark” Monopole as a topological defect. 

At U(1) Breaking 

We expect “dark” Cosmic Strings as a topological defect.

At SU(2) → U(1) → Z2 breaking (depending on how U(1) is broken)
We expect “dark” bead solution as a topological defect.

The dark monopole sources dark magnetic field

The dark magnetic field is confined along 

with the dark cosmic string.

The dark magnetic field from the magnetic monopole

flows into the attached cosmic strings.∼(

��
�)
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How do the defects in the dark sector look from the QED ?

6

Topological defects  
in the dark sector

SU(2) → U(1)  
Dark Magnetic Monopole

U(1) breaking 
Dark Cosmic String

How do they look in QED ?

εFF’

Through 
Kinetic Mixing

?

SU(2) → U(1) → Z2 
Dark Bead Solution

∼(���)-�

Figure 2. Left) A schematic figure of the bead configuration. A string and an anti-string are
attached to the monopole placed at the center of the sphere. The arrows show the directions of
the circular currents inside the strings. Right) The magnetic flux of U(1)D in the configuration.

This configuration is connected to

�̃S ! e
2'
�̃N =

v2
p
2
e
i'

, (72)

A
03
Sidx

i
! A

03
Nidx

i +
2

g
d' =

1

g
d' , (73)

in the south hemisphere. The connected configuration is nothing but the cosmic string

solution with n = 1. Thus, totally, this configuration has a string and an anti-string config-

urations attached to a magnetic monopole. The magnetic fluxes confined in the string and

the anti-string sum up to

I
A

03
Nidx

i
�

I
A

03
Sidx

i = �
4⇡

g
, (74)

which coincides with the magnetic flux of the monopole in Eq. (35).

The above configuration is called the bead solution [36]. In Fig. 2, we show a schematic

picture of the bead solution. As in the case of Fig. 1, the magnetic flux is expected to be
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complex 𝜙 plane

2π

ρ

The scalar potential of � is given by

V =
�

4
(|�2

|� v
2)2 , (3)

where � > 0 is a coupling constant and v is a dimensionful parameter. At the vacuum, �

obtains a VEV, h�i = v, with which the U(1)D is spontaneously broken.

1. String solution for ✏ = 0

Let us begin with the cosmic string in the absence of the kinetic mixing, i.e., ✏ = 0. In this

paper, we always take the temporal gauge when we discuss static gauge field configurations.

The static string solution along the z-axis is given by the form (see e.g., Ref. [42]),

� = vh(⇢)ein' , (4)

A
0
i = �

n

g

✏ijx
j

⇢2
f(⇢) , (i, j = 1, 2) , (5)

where the Cartesian coordinate, (x1
, x

2
, x

3) = (x, y, z), is related to the cylindrical coordinate

via ' = arctan(y/x) and ⇢ =
p
x2 + y2. The anti-symmetric tensor in the two-dimensional

space transverse to the z-axis, ✏ij, is defined by ✏12 = 1.7 The profile functions, h(⇢) and

f(⇢), satisfy the boundary conditions,

h(⇢) ! 0 , (⇢ ! 0) , h(⇢) ! 1 , (⇢ ! 1) , (6)

f(⇢) ! 0 , (⇢ ! 0) , f(⇢) ! 1 , (⇢ ! 1) . (7)

The profile functions can be determined numerically from the field equations of motion,

which approach to 1 for ⇢ � (gv)�1 exponentially. The winding number, n 2 ⇡1 (U(1)D), is

related to the dark magnetic flux inside the string core,

Z
d
2
xB

0
z =

I

⇢!1
A

0
idx

i =
2⇡n

g
, (8)

7 With d' = �dx
i
✏ijx

j
/⇢

2, we may rewrite Eq. (5) by A
0
idx

i = n/g ⇥ f(⇢)d'.
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The organization of the paper is as follows. In section 2, we discuss the effects of the
cosmic string and the monopole solutions in the dark sector to the SM sector through the
kinetic mixing. In section 3, we discuss how the dark bead/necklace solutions look in the
presence of the kinetic mixing. There, we show that the bead on the string leads to the
pseudo magnetic monopole solution of the QED. In section 4, we perform a numerical
simulation to see the formation of the pseudo magnetic monopole. The final section is
devoted to the conclusion.

2 Gauge kinetic mixing and strings/monopoles

In this section, we discuss how the SM sector is affected by the dark cosmic string and the
dark monopole through the kinetic mixing. In the following, we focus on the effects on the
QED gauge field, although the following discussion can be extended to the full SM. The QED
gauge field configuration in the presence of the bead solution is discussed in the next section.

2.1 Cosmic string

First, let us consider the dark photon model based on the U(1)D gauge theory coupling to
the QED photon,

L = −1
4FµνF

µν − 1
4F

′
µνF

′µν + ε

2FµνF
′µν +DµφDµφ∗ − V (φ) . (2.1)

Here, Fµν and F ′
µν represent the gauge field strengths of the U(1)QED and the U(1)D

gauge theories, respectively. The corresponding gauge fields are given by Aµ and A′
µ. The

parameter ε is the kinetic mixing parameter.6 The gauge coupling constants of U(1)QED
and U(1)D are denoted by e and g, respectively. Throughout this paper, we assume that
the charge assignment of the U(1)QED and the U(1)D is exclusive in the basis defined in
eq. (2.1). That is, all the SM fields are neutral under U(1)D, while all the U(1)D charged
fields are neutral under U(1)QED.

To break the U(1)D, we introduce a complex scalar field φ with the U(1)D charge 1.
The covariant derivative of φ is given by

Dµφ = (∂µ − igA′
µ)φ . (2.2)

The scalar potential of φ is given by

V = λ

4 (|φ
2| − v2)2 , (2.3)

where λ > 0 is a coupling constant and v is a dimensionful parameter. At the vacuum, φ

obtains a VEV, 〈φ〉 = v, with which the U(1)D is spontaneously broken.

6The kinetic mixing parameter to U(1)Y of the SM, i.e., εY FY
µνF

′µν/2, is related to ε by ε = εY cos θW
with θW being the weak mixing angle.
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The scalar potential of � is given by

V =
�

4
(|�2

|� v
2)2 , (3)

where � > 0 is a coupling constant and v is a dimensionful parameter. At the vacuum, �

obtains a VEV, h�i = v, with which the U(1)D is spontaneously broken.

1. String solution for ✏ = 0

Let us begin with the cosmic string in the absence of the kinetic mixing, i.e., ✏ = 0. In this

paper, we always take the temporal gauge when we discuss static gauge field configurations.

The static string solution along the z-axis is given by the form (see e.g., Ref. [42]),

� = vh(⇢)ein' , (4)

A
0
i = �

n

g

✏ijx
j

⇢2
f(⇢) , (i, j = 1, 2) , (5)

where the Cartesian coordinate, (x1
, x

2
, x

3) = (x, y, z), is related to the cylindrical coordinate

via ' = arctan(y/x) and ⇢ =
p
x2 + y2. The anti-symmetric tensor in the two-dimensional

space transverse to the z-axis, ✏ij, is defined by ✏12 = 1.7 The profile functions, h(⇢) and

f(⇢), satisfy the boundary conditions,

h(⇢) ! 0 , (⇢ ! 0) , h(⇢) ! 1 , (⇢ ! 1) , (6)

f(⇢) ! 0 , (⇢ ! 0) , f(⇢) ! 1 , (⇢ ! 1) . (7)

The profile functions can be determined numerically from the field equations of motion,

which approach to 1 for ⇢ � (gv)�1 exponentially. The winding number, n 2 ⇡1 (U(1)D), is

related to the dark magnetic flux inside the string core,

Z
d
2
xB

0
z =

I

⇢!1
A

0
idx

i =
2⇡n

g
, (8)

7 With d' = �dx
i
✏ijx

j
/⇢

2, we may rewrite Eq. (5) by A
0
idx

i = n/g ⇥ f(⇢)d'.
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An isolated cosmic string is stable due to the topological charge :

Π1( U(1) ) = Z

U(1) symmetry is broken at  ρ → ∞

Cosmic string for ϵ = 0
At U(1) breaking, cosmic strings can be formed [1973 Nielsen Olsen]

Width ~ (gv)-1  ( g2 ~ λ )

7



Cosmic string for ϵ = 0
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@'� ! in⇥ vein'
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D'� = (@' � igA')� ! 0 (exponentially dumped)

For ρ → ∞

E “

ż

d2x

„

1

4
FijF

ij ` |Diφ|2 ` V pφq



“ 2πv2

Local string has a finite tension ( = string weight per unit length)

F
1pxq ă 0Fp1q “ 1(                          )
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⇥F(2�/g2)

Dark Magnetic Flux inside the cosmic string

J
H
E
P
1
2
(
2
0
2
1
)
1
2
2

2.1.1 String solution for ε = 0
Let us begin with the cosmic string in the absence of the kinetic mixing, i.e., ε = 0. In this
paper, we always take the temporal gauge when we discuss static gauge field configurations.
The static string solution along the z-axis is given by the form (see e.g., ref. [43]),

φ = vh(ρ)einϕ , (2.4)

A′
i = −n

g

εijxj

ρ2
f(ρ) , (i, j = 1, 2) , (2.5)

where the Cartesian coordinate, (x1, x2, x3) = (x, y, z), is related to the cylindrical coordinate
via ϕ = arctan(y/x) and ρ =

√
x2 + y2. The anti-symmetric tensor in the two-dimensional

space transverse to the z-axis, εij , is defined by ε12 = 1.7 The profile functions, h(ρ) and
f(ρ), satisfy the boundary conditions,

h(ρ) → 0 , (ρ → 0) , h(ρ) → 1 , (ρ → ∞) , (2.6)
f(ρ) → 0 , (ρ → 0) , f(ρ) → 1 , (ρ → ∞) . (2.7)

The profile functions can be determined numerically from the field equations of motion,
which approach to 1 for ρ $ (gv)−1 exponentially. The winding number, n ∈ π1 (U(1)D), is
related to the dark magnetic flux inside the string core,

∫
d2xB′

z =
∮

ρ→∞
A′

idx
i = 2πn

g
, (2.8)

where B′
z = εijF ′

ij/2.

2.1.2 String solution for ε != 0
In the presence of the kinetic mixing, the field equations of the QED and the dark photon
are given by,

∂µF
µν − ε∂µF

′µν = eJν
QED , (2.9)

∂µF̃
µν = 0 , (2.10)

∂µF
′µν − ε∂µF

µν = gJν
D , (2.11)

∂µF̃
′µν = 0 . (2.12)

Here, Jµ
QED and Jµ

D denote the charge currents coupling to the QED and the dark photons,
respectively. The second and the fourth equations are the Bianchi identities for F̃ (′)

µν =
εµνρσF (′)ρσ/2.

To discuss the vacuum configuration, let us take Jµ
QED = 0. Around the dark cosmic

string, the dark charged current is given by,

J i
D = iφDiφ

† − iφ†Diφ = 2v2nεijxj
ρ2

h2(f − 1) , (2.13)

7With dϕ = −dxiεijx
j/ρ2, we may rewrite eq. (2.5) by A′

idx
i = n/g × f(ρ)dϕ.
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Cosmic string for  ?ϵ ≠ 0

where B
0
z = ✏ijF

0
ij/2.

2. String solution for ✏ 6= 0

In the presence of the kinetic mixing, the field equations of the QED and the dark photon

are given by,

@µF
µ⌫

� ✏@µF
0µ⌫ = eJ

⌫
QED , (9)

@µF̃
µ⌫ = 0 , (10)

@µF
0µ⌫

� ✏@µF
µ⌫ = gJ

⌫
D , (11)

@µF̃
0µ⌫ = 0 . (12)

Here, Jµ
QED and J

µ
D denote the charge currents coupling to the QED and the dark photons,

respectively. The second and the fourth equations are the Bianchi identities for F̃
(0)
µ⌫ =

✏µ⌫⇢�F
(0)⇢�

/2.

To discuss the vacuum configuration, let us take J
µ
QED = 0. Around the dark cosmic

string, the dark charged current is given by,

J
i
D = i�Di�

†
� i�

†
Di� = 2v2n

✏ijxj

⇢2
h
2(f � 1) , (13)

which is the circular current around the cosmic string. For Jµ
QED = 0, we find that the QED

gauge field follows the dark photon configuration,

F
µ⌫ = ✏F

0µ⌫
, (14)

with which the dark photon field equation is reduced to

(1� ✏
2)@µF

0µ⌫ = gJ
⌫
D . (15)

The cosmic string solution satisfying Eq. (15) is identical to Eqs. (4) and (5) with rescaled g

6

Equation of motion :

We are interested in a vacuum configuration →  Jμ
QED = 0

where B
0
z = ✏ijF

0
ij/2.

2. String solution for ✏ 6= 0

In the presence of the kinetic mixing, the field equations of the QED and the dark photon

are given by,

@µF
µ⌫

� ✏@µF
0µ⌫ = eJ

⌫
QED , (9)

@µF̃
µ⌫ = 0 , (10)

@µF
0µ⌫

� ✏@µF
µ⌫ = gJ

⌫
D , (11)

@µF̃
0µ⌫ = 0 . (12)

Here, Jµ
QED and J

µ
D denote the charge currents coupling to the QED and the dark photons,

respectively. The second and the fourth equations are the Bianchi identities for F̃
(0)
µ⌫ =

✏µ⌫⇢�F
(0)⇢�

/2.

To discuss the vacuum configuration, let us take J
µ
QED = 0. Around the dark cosmic

string, the dark charged current is given by,

J
i
D = i�Di�

†
� i�

†
Di� = 2v2n

✏ijxj

⇢2
h
2(f � 1) , (13)

which is the circular current around the cosmic string. For Jµ
QED = 0, we find that the QED

gauge field follows the dark photon configuration,

F
µ⌫ = ✏F

0µ⌫
, (14)

with which the dark photon field equation is reduced to

(1� ✏
2)@µF

0µ⌫ = gJ
⌫
D . (15)

The cosmic string solution satisfying Eq. (15) is identical to Eqs. (4) and (5) with rescaled g

6
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QED field strength

Dark photon field strength

The cosmic string solution for  is obtained by just rescalingϵ ≠ 0

and A
0
µ by,

gs =
g

p
1� ✏2

, (16)

gA
0
µ = gsA

0
sµ . (17)

The resultant dark magnetic flux for the dark cosmic string with the winding number n is
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The corresponding Aharonov-Bohm (AB) phase of a particle with the QED charge q is

given by qWQED. Thus, the dark local string becomes the AB string [43] through the kinetic

mixing.8
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0
µ) defined by,
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0
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1
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X
0
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In the canonically normalized basis, there is no kinetic mixing between Xµ and X
0
µ, and

hence, the configuration of the shifted QED is trivial around the dark string solution of X 0
µ,

8 The irrational AB phase per 2⇡ is due to the irrationalities of the kinetic mixing and the ratio e/g, which

is consistent with the compactness of U(1)D⇥U(1)QED.
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where B
0
z = ✏ijF

0
ij/2.

2. String solution for ✏ 6= 0

In the presence of the kinetic mixing, the field equations of the QED and the dark photon

are given by,

@µF
µ⌫

� ✏@µF
0µ⌫ = eJ

⌫
QED , (9)

@µF̃
µ⌫ = 0 , (10)

@µF
0µ⌫

� ✏@µF
µ⌫ = gJ

⌫
D , (11)

@µF̃
0µ⌫ = 0 . (12)

Here, Jµ
QED and J

µ
D denote the charge currents coupling to the QED and the dark photons,

respectively. The second and the fourth equations are the Bianchi identities for F̃
(0)
µ⌫ =

✏µ⌫⇢�F
(0)⇢�

/2.

To discuss the vacuum configuration, let us take J
µ
QED = 0. Around the dark cosmic

string, the dark charged current is given by,

J
i
D = i�Di�

†
� i�

†
Di� = 2v2n

✏ijxj

⇢2
h
2(f � 1) , (13)

which is the circular current around the cosmic string. For Jµ
QED = 0, we find that the QED

gauge field follows the dark photon configuration,

F
µ⌫ = ✏F

0µ⌫
, (14)

with which the dark photon field equation is reduced to

(1� ✏
2)@µF

0µ⌫ = gJ
⌫
D . (15)

The cosmic string solution satisfying Eq. (15) is identical to Eqs. (4) and (5) with rescaled g

6
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Cosmic string for  ?ϵ ≠ 0

Around the dark cosmic string, a QED charged particle feels through 
the Aharonov-Bohm phase !

For , dark string is associated with non-vanishing QED magnetic flux !ϵ ≠ 0

U(1) breaking 
Dark Cosmic String

QED magnetic flux is  
Induced
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cosmic string [43, 44] and the Wilson loop of QED around the string is given by,
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The corresponding Aharonov-Bohm (AB) phase of a particle with the QED charge q is

given by qWQED. Thus, the dark local string becomes the AB string [43] through the kinetic

mixing.8

Note that the string solution satisfying Eq. (14) can be obtained more easily in the canon-

ically normalized basis (Xµ, X
0
µ) defined by,

Aµ = Xµ + ✏A
0
µ , (20)
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1
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X
0
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In the canonically normalized basis, there is no kinetic mixing between Xµ and X
0
µ, and

hence, the configuration of the shifted QED is trivial around the dark string solution of X 0
µ,

8 The irrational AB phase per 2⇡ is due to the irrationalities of the kinetic mixing and the ratio e/g, which

is consistent with the compactness of U(1)D⇥U(1)QED.
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The organization of the paper is as follows. In section 2, we discuss the effects of the
cosmic string and the monopole solutions in the dark sector to the SM sector through the
kinetic mixing. In section 3, we discuss how the dark bead/necklace solutions look in the
presence of the kinetic mixing. There, we show that the bead on the string leads to the
pseudo magnetic monopole solution of the QED. In section 4, we perform a numerical
simulation to see the formation of the pseudo magnetic monopole. The final section is
devoted to the conclusion.

2 Gauge kinetic mixing and strings/monopoles

In this section, we discuss how the SM sector is affected by the dark cosmic string and the
dark monopole through the kinetic mixing. In the following, we focus on the effects on the
QED gauge field, although the following discussion can be extended to the full SM. The QED
gauge field configuration in the presence of the bead solution is discussed in the next section.

2.1 Cosmic string

First, let us consider the dark photon model based on the U(1)D gauge theory coupling to
the QED photon,

L = −1
4FµνF

µν − 1
4F

′
µνF

′µν + ε

2FµνF
′µν +DµφDµφ∗ − V (φ) . (2.1)

Here, Fµν and F ′
µν represent the gauge field strengths of the U(1)QED and the U(1)D

gauge theories, respectively. The corresponding gauge fields are given by Aµ and A′
µ. The

parameter ε is the kinetic mixing parameter.6 The gauge coupling constants of U(1)QED
and U(1)D are denoted by e and g, respectively. Throughout this paper, we assume that
the charge assignment of the U(1)QED and the U(1)D is exclusive in the basis defined in
eq. (2.1). That is, all the SM fields are neutral under U(1)D, while all the U(1)D charged
fields are neutral under U(1)QED.

To break the U(1)D, we introduce a complex scalar field φ with the U(1)D charge 1.
The covariant derivative of φ is given by

Dµφ = (∂µ − igA′
µ)φ . (2.2)

The scalar potential of φ is given by

V = λ

4 (|φ
2| − v2)2 , (2.3)

where λ > 0 is a coupling constant and v is a dimensionful parameter. At the vacuum, φ

obtains a VEV, 〈φ〉 = v, with which the U(1)D is spontaneously broken.

6The kinetic mixing parameter to U(1)Y of the SM, i.e., εY FY
µνF

′µν/2, is related to ε by ε = εY cos θW
with θW being the weak mixing angle.

– 3 –
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An isolated magnetic monopole is stable due to the topological charge :

Π2 ( SU(2)/U(1) )  =  Z

SU(2) symmetry is broken down to U(1) at  r → ∞

also assume that there is no particles which are charged under both the SU(2)D and the SM

gauge group. At the vacuum, SU(2)D is spontaneously broken down to U(1)D by the VEV

of �a,

h�
a
i = v�

a3
, (28)

where the direction of the vector h�a
i in the SU(2)D space can be chosen arbitrary. Once we

choose the vacuum in Eq. (28), the gauge potential of the remaining U(1)D gauge symmetry

corresponds to A
3
µ.

At the phase transition, SU(2)D ! U(1)D, the dark monopole appears. The static

monopole solution is given by,

�
a = vH(r)

x
a

r
, (29)

A
0a
i =

1

g

✏
aij
x
j

r2
F (r) , (i, j = 1, 2, 3) , (30)

where r =
p
x2 + y2 + z2, and ✏

aij is the anti-symmetric tensor in the three-dimensional

space with a convention ✏
123 = 1. The profile functions, H(r) and F (r) satisfy,

H(r) ! 0 , (r ! 0) , H(r) ! 1 , (r ! 1) , (31)

F (r) ! 0 , (r ! 0) , F (r) ! 1 , (r ! 1) . (32)

The profile functions can be determined numerically by solving the field equations of motion,

which converge exponentially to the asymptotic values at r � (gv)�1.

To see how the dark magnetic field emerges, it is convenient to define an e↵ective U(1)D

field strength,

F
0
µ⌫ ⌘

1

v
�
a
F

0a
µ⌫ , (33)
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Magnetic Monopole for ϵ = 0
At SU(2) → U(1) breaking, magnetic monopole can be formed 


[1974 t’Hooft, Polyakov]

i.e., Xµ = 0. The magnetic flux of the dark cosmic string is then given by,

I
X

0
sµdx

µ =
2⇡n

gs
. (22)

In this shifted basis, the AB phases on the QED charged particles appear through the

direct coupling to the dark photon, X 0
µ,

L = �
✏e

p
1� ✏2

X
0
µJ

µ
QED . (23)

Thus, again, the AB phase of the QED charged particle with the charge q is given by,

qWQED =
q✏e

p
1� ✏2

I
X

0
µdx

µ =
2⇡nq✏e

g
. (24)

B. Monopole

Next, we discuss the e↵ects of the kinetic mixing on the ’t Hooft-Polyakov-type monopole [31–

33]. Unlike in the previous subsection, we here assume that the U(1)D gauge symmetry

stems from SU(2)D gauge symmetry and remains unbroken.

1. Monopole for ✏ = 0

Let us first consider the SU(2)D gauge theory with a scalar field in the adjoint represen-

tation, �a (a = 1, 2, 3). The relevant Lagrangian density is given by,

L = �
1

4
F

0a
µ⌫F

0aµ⌫ +
1

2
Dµ�

a
D

µ
�
a
�

�

4
(�a

�
a
� v

2)2 , (25)

F
0a
µ⌫ = @µA

0a
⌫ � @⌫A

0a
µ + g✏

abc
A

0b
µA

0c
⌫ , (26)

Dµ�
a = @µ�

a + g✏
abc

A
0b
µ�

c
. (27)

Here, A0a
µ is the SU(2)D gauge field, F 0a

µ⌫ its field strength, and g is the gauge coupling constant

of SU(2)D. We assume � ⇠ g in the following analysis. As in the previous subsection, we

8

(dark) magnetic monopole

Size ~ (gv)-1  ( g2 ~ λ )ϕaϕa
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Magnetic Monopole for ϵ = 0

Dark magnetic field around the dark monopole : 
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gauge group. At the vacuum, SU(2)D is spontaneously broken down to U(1)D by the VEV

of �a,

h�
a
i = v�

a3
, (28)

where the direction of the vector h�a
i in the SU(2)D space can be chosen arbitrary. Once we

choose the vacuum in Eq. (28), the gauge potential of the remaining U(1)D gauge symmetry

corresponds to A
3
µ.

At the phase transition, SU(2)D ! U(1)D, the dark monopole appears. The static

monopole solution is given by,

�
a = vH(r)

x
a

r
, (29)

A
0a
i =

1

g

✏
aij
x
j

r2
F (r) , (i, j = 1, 2, 3) , (30)

where r =
p
x2 + y2 + z2, and ✏

aij is the anti-symmetric tensor in the three-dimensional

space with a convention ✏
123 = 1. The profile functions, H(r) and F (r) satisfy,

H(r) ! 0 , (r ! 0) , H(r) ! 1 , (r ! 1) , (31)

F (r) ! 0 , (r ! 0) , F (r) ! 1 , (r ! 1) . (32)

The profile functions can be determined numerically by solving the field equations of motion,

which converge exponentially to the asymptotic values at r � (gv)�1.

To see how the dark magnetic field emerges, it is convenient to define an e↵ective U(1)D

field strength,

F
0
µ⌫ ⌘

1

v
�
a
F

0a
µ⌫ , (33)

9

Effective U(1)D field strength :(see e.g. Ref. [45]). The only non-vanishing components of F 0µ⌫ are

F
0ij = �

1

g

✏
ijk
x
k

r3
(2F � F

2)H , (i, j = 1, 2, 3) . (34)

Hence, the dark magnetic charge of the monopole solution is given by,

Q
0
M =

1

2

Z

r!1
dSijF

0ij = �
4⇡

g
, (35)

where dSij is the surface element of the two dimensional sphere surrounding the monopole.

The monopole solution satisfies the Gauss law at the vacuum, that is,

@µF
0µ⌫ = 0 . (36)

On the other hand, it satisfied the Bianchi identity,

@µF̃
0µ⌫ = 0 , (37)

only at r � (gv)�1.9 Therefore, the dark photon gauge field A
0
µ cannot be defined globally

around the monopole. The monopole solution in terms of the SU(2)D gauge field is, on the

other hand, defined globally.

For a later purpose, we introduce a local dark photon gauge field defined at r � (gv)�1.

Let us cover the region of r � (gv)�1 by two charts of the polar coordinate in the north and

the south hemispheres,

UN = {(r, ✓,')|0  ✓  ⇡/2 + "} , US = {(r, ✓,')|⇡/2� "  ✓  ⇡} , (38)

Here, ✓ is the zenith angle and " is a tiny positive parameter. These two charts overlap

at around the equator, ✓ = ⇡/2. In the polar coordinate, the monopole configuration in

9 The Gauss law is satisfied since F
0
ij = ✏ijkxk/r

3
⇥ (2F � F

2)H with the boundary conditions F (r) / r
2

and H(r) / r for r ! 0. The Bianchi identity is satisfied when F and H are constants.
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(see e.g. Ref. [45]). The only non-vanishing components of F 0µ⌫ are

F
0ij = �

1

g

✏
ijk
x
k

r3
(2F � F

2)H , (i, j = 1, 2, 3) . (34)

Hence, the dark magnetic charge of the monopole solution is given by,

Q
0
M =

1

2

Z

r!1
dSijF

0ij = �
4⇡

g
, (35)

where dSij is the surface element of the two dimensional sphere surrounding the monopole.

The monopole solution satisfies the Gauss law at the vacuum, that is,

@µF
0µ⌫ = 0 . (36)

On the other hand, it satisfied the Bianchi identity,

@µF̃
0µ⌫ = 0 , (37)

only at r � (gv)�1.9 Therefore, the dark photon gauge field A
0
µ cannot be defined globally

around the monopole. The monopole solution in terms of the SU(2)D gauge field is, on the

other hand, defined globally.

For a later purpose, we introduce a local dark photon gauge field defined at r � (gv)�1.

Let us cover the region of r � (gv)�1 by two charts of the polar coordinate in the north and

the south hemispheres,

UN = {(r, ✓,')|0  ✓  ⇡/2 + "} , US = {(r, ✓,')|⇡/2� "  ✓  ⇡} , (38)

Here, ✓ is the zenith angle and " is a tiny positive parameter. These two charts overlap

at around the equator, ✓ = ⇡/2. In the polar coordinate, the monopole configuration in

9 The Gauss law is satisfied since F
0
ij = ✏ijkxk/r

3
⇥ (2F � F

2)H with the boundary conditions F (r) / r
2

and H(r) / r for r ! 0. The Bianchi identity is satisfied when F and H are constants.
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Dark magnetic charge :

The Bianchi Identity of  the effective U(1)D field strength 

(see e.g. Ref. [45]). The only non-vanishing components of F 0µ⌫ are

F
0ij = �

1

g

✏
ijk
x
k

r3
(2F � F

2)H , (i, j = 1, 2, 3) . (34)

Hence, the dark magnetic charge of the monopole solution is given by,

Q
0
M =

1

2

Z

r!1
dSijF

0ij = �
4⇡

g
, (35)

where dSij is the surface element of the two dimensional sphere surrounding the monopole.

The monopole solution satisfies the Gauss law at the vacuum, that is,

@µF
0µ⌫ = 0 . (36)

On the other hand, it satisfied the Bianchi identity,

@µF̃
0µ⌫ = 0 , (37)

only at r � (gv)�1.9 Therefore, the dark photon gauge field A
0
µ cannot be defined globally

around the monopole. The monopole solution in terms of the SU(2)D gauge field is, on the

other hand, defined globally.

For a later purpose, we introduce a local dark photon gauge field defined at r � (gv)�1.

Let us cover the region of r � (gv)�1 by two charts of the polar coordinate in the north and

the south hemispheres,

UN = {(r, ✓,')|0  ✓  ⇡/2 + "} , US = {(r, ✓,')|⇡/2� "  ✓  ⇡} , (38)

Here, ✓ is the zenith angle and " is a tiny positive parameter. These two charts overlap

at around the equator, ✓ = ⇡/2. In the polar coordinate, the monopole configuration in

9 The Gauss law is satisfied since F
0
ij = ✏ijkxk/r

3
⇥ (2F � F

2)H with the boundary conditions F (r) / r
2

and H(r) / r for r ! 0. The Bianchi identity is satisfied when F and H are constants.

10

Is satisfied only at  

(see e.g. Ref. [45]). The only non-vanishing components of F 0µ⌫ are

F
0ij = �

1

g

✏
ijk
x
k

r3
(2F � F

2)H , (i, j = 1, 2, 3) . (34)

Hence, the dark magnetic charge of the monopole solution is given by,

Q
0
M =

1

2

Z

r!1
dSijF

0ij = �
4⇡

g
, (35)

where dSij is the surface element of the two dimensional sphere surrounding the monopole.

The monopole solution satisfies the Gauss law at the vacuum, that is,

@µF
0µ⌫ = 0 . (36)

On the other hand, it satisfied the Bianchi identity,

@µF̃
0µ⌫ = 0 , (37)

only at r � (gv)�1.9 Therefore, the dark photon gauge field A
0
µ cannot be defined globally

around the monopole. The monopole solution in terms of the SU(2)D gauge field is, on the

other hand, defined globally.

For a later purpose, we introduce a local dark photon gauge field defined at r � (gv)�1.

Let us cover the region of r � (gv)�1 by two charts of the polar coordinate in the north and

the south hemispheres,

UN = {(r, ✓,')|0  ✓  ⇡/2 + "} , US = {(r, ✓,')|⇡/2� "  ✓  ⇡} , (38)

Here, ✓ is the zenith angle and " is a tiny positive parameter. These two charts overlap

at around the equator, ✓ = ⇡/2. In the polar coordinate, the monopole configuration in

9 The Gauss law is satisfied since F
0
ij = ✏ijkxk/r

3
⇥ (2F � F

2)H with the boundary conditions F (r) / r
2

and H(r) / r for r ! 0. The Bianchi identity is satisfied when F and H are constants.
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Dark magnetic monopole mass :
<latexit sha1_base64="G4/NUGYUO/4K29PO6n0+3PKiwjo="></latexit>

MM =
4⇡v

g2
FM (�/g2)
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FM (0) = 1
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F 0
M (x) > 0
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Magnetic Monopole for  ?ϵ ≠ 0
Equation of motion around the monopole  :

"
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QED field strength

2. Monopole for ✏ 6= 0

In the non-Abelian extension of the dark sector, the kinetic mixing between U(1)D ⇢

SU(2)D and U(1)QED originates from a higher dimensional term,

Lgauge = �
1

4
Fµ⌫F

µ⌫
�

1

4
F

0a
µ⌫F

0aµ⌫ +
�
a

2⇤
F

0a
µ⌫F

µ⌫
, (53)

where ⇤ is a high-energy cuto↵ scale at ⇤ � v. Here, we show only the kinetic and the

kinetic mixing terms of the gauge fields. Similarly to the case of the U(1)D model, we assume

that no fields are charged under both the SM and the SU(2)D gauge symmetries.

At the trivial vacuum in Eq. (28), the above higher dimensional operator provides the

kinetic mixing parameter,

✏ =
v

⇤
, (54)

where A03
µ is identified with the dark photon, A0

µ. For ✏ ⌧ 1, the e↵ect of the kinetic mixing

to the scalar configuration is expected to be negligible. In this case, we may go to the

shifted basis (Xµ, X
0
µ) defined in Eq. (20) to cancel the kinetic mixing term. In the presence

of the dark monopole, on the other hand, the kinetic mixing term is no more constant in

the three-dimensional space,

Lmixing = �
v

2⇤

x
a

r
H(r)F 0a

µ⌫F
µ⌫

. (55)

Thus, the kinetic mixing term cannot be cancelled by shifting the QED gauge boson.11

Now let us look at the field equations of the QED gauge field around the dark monopole

solution;

@µF
µ⌫

� ✏@µF
0µ⌫ = eJ

⌫
QED , (56)

@µF̃
µ⌫ = 0 . (57)

11 In the combed gauge in Eqs. (46) and (48), the gauge kinetic term is a constant in the asymptotic region,

r � (gv)�1. In this case, we can define a shifted QED gauge boson in each chart and can cancel the

kinetic mixing term, though it is not possible to cancel the mixing term globally.
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0

(see e.g. Ref. [45]). The only non-vanishing components of F 0µ⌫ are

F
0ij = �

1

g

✏
ijk
x
k

r3
(2F � F

2)H , (i, j = 1, 2, 3) . (34)

Hence, the dark magnetic charge of the monopole solution is given by,

Q
0
M =

1

2

Z

r!1
dSijF

0ij = �
4⇡

g
, (35)

where dSij is the surface element of the two dimensional sphere surrounding the monopole.

The monopole solution satisfies the Gauss law at the vacuum, that is,

@µF
0µ⌫ = 0 . (36)

On the other hand, it satisfied the Bianchi identity,

@µF̃
0µ⌫ = 0 , (37)

only at r � (gv)�1.9 Therefore, the dark photon gauge field A
0
µ cannot be defined globally

around the monopole. The monopole solution in terms of the SU(2)D gauge field is, on the

other hand, defined globally.

For a later purpose, we introduce a local dark photon gauge field defined at r � (gv)�1.

Let us cover the region of r � (gv)�1 by two charts of the polar coordinate in the north and

the south hemispheres,

UN = {(r, ✓,')|0  ✓  ⇡/2 + "} , US = {(r, ✓,')|⇡/2� "  ✓  ⇡} , (38)

Here, ✓ is the zenith angle and " is a tiny positive parameter. These two charts overlap

at around the equator, ✓ = ⇡/2. In the polar coordinate, the monopole configuration in

9 The Gauss law is satisfied since F
0
ij = ✏ijkxk/r

3
⇥ (2F � F

2)H with the boundary conditions F (r) / r
2

and H(r) / r for r ! 0. The Bianchi identity is satisfied when F and H are constants.
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@µF̃ 0µ⌫ 6= 0

"
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Effective dark photon field strength
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@µF̃ 0µ⌫ = 0 only for                     )(
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r � (gv)�1

satisfied in the

entire space

Nothing is induced to the QED sector…

dark magnetic monopole QED sector

Nothing…

QED satisfies the usual Bianchi identity → cannot have monopoles 
[see also arXiv:0902.3615 Brummer and Jaeckel]
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Bead solution for ϵ = 0

 U(1) breaking in a model with two SU(2) adjoint scalarsfields, �a
1 and �

a
2 (a = 1, 2, 3). The potential of these scalar fields is assumed to be

V =
�1

4
(�1 · �1 � v

2
1) +

�2

4
(�2 · �2 � v

2
2) +



2
(�1 · �2)

2
, (58)

where �i ·�j = �
a
i �

a
j . We omit terms such as (�1 ·�1)(�2 ·�2), for simplicity.12 The coupling

constants, �1,�2 and  are taken to be positive. We assume v1 � v2, so that the intermediate

U(1)D symmetric phase is meaningful.

When �
a
1 takes the trivial vacuum configuration

h�
a
1i = v1�

a3
, (59)

SU(2)D is broken down to the U(1)D. The remaining U(1)D symmetry corresponds to the

SO(2) rotation around the a = 3 axis of SO(3)' SU(2)D vectors, �a
1,2. Subsequently, �2

obtains a non-vanishing VEV at a much lower energy scale to minimize the second term of

the potential. For  > 0, the last term in Eq. (58) lifts the a = 3 component of �2. Thus,

for  > 0, the VEV of �a
2 is required to be orthogonal to h�

a
1i, i.e., h�1i · h�2i = 0. As a

result, h�a
2i takes a value in the (�1

2,�
2
2) plane, that is,

h�
a
2i = v2�

a1
. (60)

for example, which breaks U(1)D spontaneously. In this way, successive symmetry breaking,

SU(2)D ! U(1)D ! Z2, is achieved for v1 � v2. Here, the remaining Z2 symmetry is the

center of SU(2)D which leaves the VEVs of �1,2 invariant.

Now, let us assume that the dark monopole is formed at the first phase transition,

SU(2)D ! U(1)D. The asymptotic form of �a
1 in the monopole solution is given by Eq. (29),

�
a
1 ! v1

x
a

r
, (61)

at r � (gv1)�1. At the second stage of the phase transition, the configuration of �a
2 prefers

12 As for the terms such as (�1 · �2), (�1 · �1)(�1 · �2) and (�1 · �2)(�2 · �2) may be suppressed by additional

Z2 symmetry under which �1 is odd while �2 is even. This additional symmetry remains unbroken by the

VEV of �1 in Eq. (59) in combination with the Z2 element in SU(2)D/U(1)D.
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v1 � v2Hierarchical Breaking :

Step 1 : SU(2) → U(1)  by 

fields, �a
1 and �

a
2 (a = 1, 2, 3). The potential of these scalar fields is assumed to be

V =
�1

4
(�1 · �1 � v

2
1) +

�2

4
(�2 · �2 � v

2
2) +
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(�1 · �2)

2
, (58)

where �i ·�j = �
a
i �

a
j . We omit terms such as (�1 ·�1)(�2 ·�2), for simplicity.12 The coupling

constants, �1,�2 and  are taken to be positive. We assume v1 � v2, so that the intermediate

U(1)D symmetric phase is meaningful.

When �
a
1 takes the trivial vacuum configuration

h�
a
1i = v1�

a3
, (59)

SU(2)D is broken down to the U(1)D. The remaining U(1)D symmetry corresponds to the

SO(2) rotation around the a = 3 axis of SO(3)' SU(2)D vectors, �a
1,2. Subsequently, �2

obtains a non-vanishing VEV at a much lower energy scale to minimize the second term of

the potential. For  > 0, the last term in Eq. (58) lifts the a = 3 component of �2. Thus,

for  > 0, the VEV of �a
2 is required to be orthogonal to h�

a
1i, i.e., h�1i · h�2i = 0. As a

result, h�a
2i takes a value in the (�1

2,�
2
2) plane, that is,

h�
a
2i = v2�

a1
. (60)

for example, which breaks U(1)D spontaneously. In this way, successive symmetry breaking,

SU(2)D ! U(1)D ! Z2, is achieved for v1 � v2. Here, the remaining Z2 symmetry is the

center of SU(2)D which leaves the VEVs of �1,2 invariant.

Now, let us assume that the dark monopole is formed at the first phase transition,

SU(2)D ! U(1)D. The asymptotic form of �a
1 in the monopole solution is given by Eq. (29),

�
a
1 ! v1

x
a

r
, (61)

at r � (gv1)�1. At the second stage of the phase transition, the configuration of �a
2 prefers

12 As for the terms such as (�1 · �2), (�1 · �1)(�1 · �2) and (�1 · �2)(�2 · �2) may be suppressed by additional

Z2 symmetry under which �1 is odd while �2 is even. This additional symmetry remains unbroken by the

VEV of �1 in Eq. (59) in combination with the Z2 element in SU(2)D/U(1)D.
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SU(2)D is broken down to the U(1)D. The remaining U(1)D symmetry corresponds to the
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1,2. Subsequently, �2

obtains a non-vanishing VEV at a much lower energy scale to minimize the second term of
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result, h�a
2i takes a value in the (�1
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2) plane, that is,
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for example, which breaks U(1)D spontaneously. In this way, successive symmetry breaking,

SU(2)D ! U(1)D ! Z2, is achieved for v1 � v2. Here, the remaining Z2 symmetry is the

center of SU(2)D which leaves the VEVs of �1,2 invariant.

Now, let us assume that the dark monopole is formed at the first phase transition,

SU(2)D ! U(1)D. The asymptotic form of �a
1 in the monopole solution is given by Eq. (29),

�
a
1 ! v1

x
a

r
, (61)

at r � (gv1)�1. At the second stage of the phase transition, the configuration of �a
2 prefers

12 As for the terms such as (�1 · �2), (�1 · �1)(�1 · �2) and (�1 · �2)(�2 · �2) may be suppressed by additional

Z2 symmetry under which �1 is odd while �2 is even. This additional symmetry remains unbroken by the

VEV of �1 in Eq. (59) in combination with the Z2 element in SU(2)D/U(1)D.
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a direction orthogonal to �
a
1 for  > 0,

�2 · �1 ! 0 , (62)

at r � (gv1)�1. Around the hedgehog solution in Eq. (61), Eq. (62) requires that �
a
2 is on

the tangent space of the sphere with a constant amplitude, |�2| = v2. Such a configuration

of �2 is, however, impossible due to the Poincaré–Hopf (hairy ball) theorem. Thus, |�2|

cannot be a constant everywhere at r ! 1.

To see what kind of �2 configuration is formed, it is convenient to discuss in the combed

gauge introduced in the previous section. There, the monopole solution of �1 behaves

h�
a
1i ! v1�

a3
, (63)

at r � (gv1)�1 in each hemisphere. The U(1)D symmetry corresponds to the rotation around

the third axis of SU(2)D as in the case of the trivial vacuum. In the combed gauge, it is

useful to define a complex scalar,

�̃ =
1
p
2

�
�
1
2 � i�

2
2

�
, (64)

whose U(1)D charge is +1 (see the Appendix A). The third component �3
2 is fixed to �

3
2 = 0

due to the condition of �1 · �2 = 0.

First, let us suppose that �̃ (i.e., �a
2) takes a trivial vacuum configuration in the north

hemisphere at least for r � (gv2)�1,

�̃N =
v2
p
2
. (65)

In this trivial configuration, the U(1)D gauge flux is expelled by the Meissner e↵ect. Thus,

we may consider a trivial dark gauge field configuration,

A
03
Ni = 0 , (66)
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Bead solution for ϵ = 0

Step 1 : Monopole solution at the energy scale 

Step 2 : U(1) breaking at the energy scale 

What happens to the monopole solution ?

<latexit sha1_base64="HjYmR6Vq+2ngojrd1LMYM3qJgGo=">AAACCnicbVC7TsMwFHV4lvIKMLIYKqSyVAlCwIJUwdKxSPQhNWnkuE5r1XEi26moosws/AoLAwix8gVs/A1umwFajnSvjs65V/Y9fsyoVJb1bSwtr6yurRc2iptb2zu75t5+U0aJwKSBIxaJto8kYZSThqKKkXYsCAp9Rlr+8Hbit0ZESBrxezWOiRuiPqcBxUhpyTOPnHhAu8iz4TUc6V4ri1PoBALh9KGLslRknlmyKtYUcJHYOSmBHHXP/HJ6EU5CwhVmSMqObcXKTZFQFDOSFZ1EkhjhIeqTjqYchUS66fSUDJ5opQeDSOjiCk7V3xspCqUch76eDJEayHlvIv7ndRIVXLkp5XGiCMezh4KEQRXBSS6wRwXBio01QVhQ/VeIB0jnoHR6RR2CPX/yImmeVeyLin13Xqre5HEUwCE4BmVgg0tQBTVQBw2AwSN4Bq/gzXgyXox342M2umTkOwfgD4zPHxPJmUY=</latexit>

�
a
1 = v1H(r)

x
a

r

<latexit sha1_base64="S2gUnD3n5H7zQ610Z5P4adhD600=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUDbbSbt0swm7m0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3xqg0j+WTmSToR3QgecgZNVZ6HPe8XrniVt05yCrxclKBHPVe+avbj1kaoTRMUK07npsYP6PKcCZwWuqmGhPKRnSAHUsljVD72fzUKTmzSp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2nZEPwll9eJc2LqndV9R4uK7XbPI4inMApnIMH11CDe6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gAKnI2k</latexit>v1

<latexit sha1_base64="QpDMvqMuPU75GXzQ0xQDGkNsYnI=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnvVXqnsVtw5yCrxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwWuymGhPKRnSAHUsljVD72fzUKTm3Sp+EsbIlDZmrvycyGmk9iQLbGVEz1MveTPzP66QmvPEzLpPUoGSLRWEqiInJ7G/S5wqZERNLKFPc3krYkCrKjE2naEPwll9eJc1qxbuqeA+X5dptHkcBTuEMLsCDa6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gAMII2l</latexit>v2

<latexit sha1_base64="qMlHMP2t0IXpk6yUiXBRfeh0sV4=">AAACCHicbVA7T8MwGHTKq5RXgJEBiwqpLFWCEDBWsDAWiT6kJooc12mtOk5kO5WitCMLf4WFAYRY+Qls/BvcNAO0nGTpfPd9su/8mFGpLOvbKK2srq1vlDcrW9s7u3vm/kFbRonApIUjFomujyRhlJOWooqRbiwICn1GOv7oduZ3xkRIGvEHlcbEDdGA04BipLTkmccTJx5Sz4Y1AR0VQYfyQKVnk/wy9mzPrFp1KwdcJnZBqqBA0zO/nH6Ek5BwhRmSsmdbsXIzJBTFjEwrTiJJjPAIDUhPU45CIt0sDzKFp1rpwyAS+nAFc/X3RoZCKdPQ15MhUkO56M3E/7xeooJrN6M8ThTheP5QkDCoQ85agX0qCFYs1QRhQfVfIR4igbDS3VV0CfZi5GXSPq/bl3X7/qLauCnqKIMjcAJqwAZXoAHuQBO0AAaP4Bm8gjfjyXgx3o2P+WjJKHYOwR8Ynz+pC5h5</latexit>

|�1(r ! 1)| ! v1

<latexit sha1_base64="1QsKUiB2NggP1qD2Ei+IsM4ONuk=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokRdSNUHTjsoJ9QBPCZDJph05mwsxEKKEbf8WNC0Xc+hnu/BunaRbaeuDCmXPuZe49Ycqo0o7zbVVWVtfWN6qbta3tnd09e/+gq0QmMelgwYTsh0gRRjnpaKoZ6aeSoCRkpBeOb2d+75FIRQV/0JOU+AkachpTjLSRAvvIS0c0cKGHI6Fh8WjCa+gEdt1pOAXgMnFLUgcl2oH95UUCZwnhGjOk1MB1Uu3nSGqKGZnWvEyRFOExGpKBoRwlRPl5ccAUnholgrGQpriGhfp7IkeJUpMkNJ0J0iO16M3E/7xBpuMrP6c8zTTheP5RnDGoBZylASMqCdZsYgjCkppdIR4hibA2mdVMCO7iycuk22y4Fw33/rzeuinjqIJjcALOgAsuQQvcgTboAAym4Bm8gjfryXqx3q2PeWvFKmcOwR9Ynz9DaJTl</latexit>

�1 · �2 = 0 &&
<latexit sha1_base64="PsUvUYvbA8ZO4CkeAyx8I4hY0q0=">AAAB+nicbVBNS8NAEJ3Ur1q/Uj16WSyCp5IUUY9FLx4r2A9oQ9hsN+3SzSbsbiol7U/x4kERr/4Sb/4bt20O2vpg4PHeDDPzgoQzpR3n2ypsbG5t7xR3S3v7B4dHdvm4peJUEtokMY9lJ8CKciZoUzPNaSeRFEcBp+1gdDf322MqFYvFo54k1IvwQLCQEayN5NvlaS8ZMr+GpqinYzT2a75dcarOAmiduDmpQI6Gb3/1+jFJIyo04Viprusk2suw1IxwOiv1UkUTTEZ4QLuGChxR5WWL02fo3Ch9FMbSlNBoof6eyHCk1CQKTGeE9VCtenPxP6+b6vDGy5hIUk0FWS4KU47Mk/McUJ9JSjSfGIKJZOZWRIZYYqJNWiUTgrv68jpp1aruVdV9uKzUb/M4inAKZ3ABLlxDHe6hAU0g8ATP8Apv1tR6sd6tj2VrwcpnTuAPrM8f9H2TJw==</latexit>

|�2| ! v2 at  ?r → ∞

→ Such a configuration conflicts with the Hairy-ball theorem

     (on S2 , there is no tangent vector field with a constant magnitude)
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�a
2 = 0

U(1) symmetry restoration at some points on S2 !
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Bead solution for ϵ = 0
Consider “Combed” gaugeEqs. (29) and (30) at r � (gv)�1 are given by,

�
a
! v(s✓c', s✓s', c✓) , (39)

A
0a
r ! 0 , (40)

A
0a
✓ !

1

g
(s',�c', 0) , (41)

A
0a
' !

1

g
(s✓c✓c', s✓c✓s',�s

2
✓) , (42)

where each component in the right-hand side corresponds to a = 1, 2, 3. We abbreviate cos

and sin by c and s, respectively. The gauge fields in the polar coordinates, A0a
r,✓,', are read

o↵ from A
0a
i dx

i = A
0a
r dr + A

0a
✓ d✓ + A

0a
'd'. This expression is valid in the both charts.

To see the relation with the monopole configuration with the trivial vacuum in Eq. (28),

let us perform a SU(2)D gauge transformation in each chart given by,

gN =

0

@ c✓/2 e
�i'

s✓/2

�e
i'
s✓/2 c✓/2

1

A , gS =

0

@ e
i'
c✓/2 s✓/2

�s✓/2 e
�i'

c✓/2

1

A . (43)

In each chart, �a and A
a
i are transformed to

�
a
⌧
a
! �

a
N,S⌧

a = gN,S�
a
⌧
a
g
†
N,S , (44)
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0a
N,S i⌧

a = gN,SA
0a
i ⌧

a
g
†
N,S �

i

g
(@igN,S)g

†
N,S , (45)

where ⌧
a=1,2,3 denote the half of the Pauli matrices.

In the UN chart, the asymptotic behaviors are given by,

�
a
! �

a
N = v�

a3
, (46)

A
0a
! A

0a
N =

1

g
�
a3(cos ✓ � 1)d' , (47)
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Hedgehog gauge
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where each component in the right-hand side corresponds to a = 1, 2, 3. We abbreviate cos
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r,✓,', are read
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where ⌧
a=1,2,3 denote the half of the Pauli matrices.

In the UN chart, the asymptotic behaviors are given by,
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where each component in the right-hand side corresponds to a = 1, 2, 3. We abbreviate cos

and sin by c and s, respectively. The gauge fields in the polar coordinates, A0a
r,✓,', are read

o↵ from A
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i dx

i = A
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r dr + A

0a
✓ d✓ + A

0a
'd'. This expression is valid in the both charts.

To see the relation with the monopole configuration with the trivial vacuum in Eq. (28),

let us perform a SU(2)D gauge transformation in each chart given by,
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where ⌧
a=1,2,3 denote the half of the Pauli matrices.

In the UN chart, the asymptotic behaviors are given by,
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N = v�

a3
, (46)
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with A
0a
N r,✓ vanishing. In the US chart, they are given by,

�
a
! �

a
S = v�

a3
, (48)

A
0a
! A

0a
S =

1

g
�
a3(cos ✓ + 1)d' , (49)

with A
0a
S r,✓ vanishing. After the gauge transformation, the configurations �a

N,S are along the

a = 3 direction as in Eq. (28) in both charts. Accordingly, the dark photon gauge potential

corresponds to A
03
N,S as in the case of the trivial vacuum. In the following, we call this gauge

choice in the two charts the combed gauge.

In the combed gauge, A0a is defined not globally but only locally by A
3
N,S in each chart.

They are connected with each other at around the equator ✓ ⇠ ⇡/2 by

A
03
S = A

03
N +

2

g
d' . (50)

In other word, the two charts of the U(1) bundle are connected by the U(1) gauge transition

function from UN to US,

tNS = e
2i'

, (51)

at around the equator. Since the minimal electric charge of U(1)D ⇢ SU(2)D is 1/2 in the

unit of g, this transition function corresponds to the magnetic monopole with a minimal

magnetic charge, QM = 4⇡/g, so that the Dirac quantization condition is satisfied.10 The

field strength of A03
S,N , on the other hand, coincides with

F
03
! �

1

g
sin ✓ d✓ ^ d' , (52)

at r � (gv)�1 in both the charts.

10 The transition function at the equator, tNS = e
2in' (n 2 Z), corresponds to the magnetic charge QM =

4⇡n/g.
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with A
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S r,✓ vanishing. After the gauge transformation, the configurations �a

N,S are along the

a = 3 direction as in Eq. (28) in both charts. Accordingly, the dark photon gauge potential

corresponds to A
03
N,S as in the case of the trivial vacuum. In the following, we call this gauge

choice in the two charts the combed gauge.

In the combed gauge, A0a is defined not globally but only locally by A
3
N,S in each chart.

They are connected with each other at around the equator ✓ ⇠ ⇡/2 by

A
03
S = A

03
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2
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In other word, the two charts of the U(1) bundle are connected by the U(1) gauge transition

function from UN to US,

tNS = e
2i'

, (51)

at around the equator. Since the minimal electric charge of U(1)D ⇢ SU(2)D is 1/2 in the

unit of g, this transition function corresponds to the magnetic monopole with a minimal

magnetic charge, QM = 4⇡/g, so that the Dirac quantization condition is satisfied.10 The

field strength of A03
S,N , on the other hand, coincides with

F
03
! �

1

g
sin ✓ d✓ ^ d' , (52)

at r � (gv)�1 in both the charts.

10 The transition function at the equator, tNS = e
2in' (n 2 Z), corresponds to the magnetic charge QM =

4⇡n/g.
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At the equator θ ∼ π /2

Northern hemisphere UN Southern hemisphere US

U(1) is given by A3μ
N

U(1) is given by A3μ
S
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Bead solution for ϵ = 0
Trivial  configuration in the northern hemisphereϕa

2

a direction orthogonal to �
a
1 for  > 0,

�2 · �1 ! 0 , (62)

at r � (gv1)�1. Around the hedgehog solution in Eq. (61), Eq. (62) requires that �
a
2 is on

the tangent space of the sphere with a constant amplitude, |�2| = v2. Such a configuration

of �2 is, however, impossible due to the Poincaré–Hopf (hairy ball) theorem. Thus, |�2|

cannot be a constant everywhere at r ! 1.

To see what kind of �2 configuration is formed, it is convenient to discuss in the combed

gauge introduced in the previous section. There, the monopole solution of �1 behaves

h�
a
1i ! v1�

a3
, (63)

at r � (gv1)�1 in each hemisphere. The U(1)D symmetry corresponds to the rotation around

the third axis of SU(2)D as in the case of the trivial vacuum. In the combed gauge, it is

useful to define a complex scalar,

�̃ =
1
p
2

�
�
1
2 � i�

2
2

�
, (64)

whose U(1)D charge is +1 (see the Appendix A). The third component �3
2 is fixed to �

3
2 = 0

due to the condition of �1 · �2 = 0.

First, let us suppose that �̃ (i.e., �a
2) takes a trivial vacuum configuration in the north

hemisphere at least for r � (gv2)�1,

�̃N =
v2
p
2
. (65)

In this trivial configuration, the U(1)D gauge flux is expelled by the Meissner e↵ect. Thus,

we may consider a trivial dark gauge field configuration,

A
03
Ni = 0 , (66)
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Trivial configuration in UN Non trivial winding in US

Eqs. (29) and (30) at r � (gv)�1 are given by,

�
a
! v(s✓c', s✓s', c✓) , (39)

A
0a
r ! 0 , (40)

A
0a
✓ !

1

g
(s',�c', 0) , (41)

A
0a
' !

1

g
(s✓c✓c', s✓c✓s',�s

2
✓) , (42)

where each component in the right-hand side corresponds to a = 1, 2, 3. We abbreviate cos

and sin by c and s, respectively. The gauge fields in the polar coordinates, A0a
r,✓,', are read

o↵ from A
0a
i dx

i = A
0a
r dr + A

0a
✓ d✓ + A

0a
'd'. This expression is valid in the both charts.

To see the relation with the monopole configuration with the trivial vacuum in Eq. (28),

let us perform a SU(2)D gauge transformation in each chart given by,

gN =

0

@ c✓/2 e
�i'

s✓/2

�e
i'
s✓/2 c✓/2

1

A , gS =

0

@ e
i'
c✓/2 s✓/2

�s✓/2 e
�i'

c✓/2

1

A . (43)

In each chart, �a and A
a
i are transformed to

�
a
⌧
a
! �

a
N,S⌧

a = gN,S�
a
⌧
a
g
†
N,S , (44)

A
0a
i ⌧

a
! A

0a
N,S i⌧

a = gN,SA
0a
i ⌧

a
g
†
N,S �

i

g
(@igN,S)g

†
N,S , (45)

where ⌧
a=1,2,3 denote the half of the Pauli matrices.

In the UN chart, the asymptotic behaviors are given by,

�
a
! �

a
N = v�

a3
, (46)

A
0a
! A

0a
N =

1

g
�
a3(cos ✓ � 1)d' , (47)
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with A
0a
N r,✓ vanishing. In the US chart, they are given by,

�
a
! �

a
S = v�

a3
, (48)

A
0a
! A

0a
S =

1

g
�
a3(cos ✓ + 1)d' , (49)

with A
0a
S r,✓ vanishing. After the gauge transformation, the configurations �a

N,S are along the

a = 3 direction as in Eq. (28) in both charts. Accordingly, the dark photon gauge potential

corresponds to A
03
N,S as in the case of the trivial vacuum. In the following, we call this gauge

choice in the two charts the combed gauge.

In the combed gauge, A0a is defined not globally but only locally by A
3
N,S in each chart.

They are connected with each other at around the equator ✓ ⇠ ⇡/2 by

A
03
S = A

03
N +

2

g
d' . (50)

In other word, the two charts of the U(1) bundle are connected by the U(1) gauge transition

function from UN to US,

tNS = e
2i'

, (51)

at around the equator. Since the minimal electric charge of U(1)D ⇢ SU(2)D is 1/2 in the

unit of g, this transition function corresponds to the magnetic monopole with a minimal

magnetic charge, QM = 4⇡/g, so that the Dirac quantization condition is satisfied.10 The

field strength of A03
S,N , on the other hand, coincides with

F
03
! �

1

g
sin ✓ d✓ ^ d' , (52)

at r � (gv)�1 in both the charts.

10 The transition function at the equator, tNS = e
2in' (n 2 Z), corresponds to the magnetic charge QM =

4⇡n/g.
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S r,✓ vanishing. After the gauge transformation, the configurations �a

N,S are along the

a = 3 direction as in Eq. (28) in both charts. Accordingly, the dark photon gauge potential

corresponds to A
03
N,S as in the case of the trivial vacuum. In the following, we call this gauge

choice in the two charts the combed gauge.

In the combed gauge, A0a is defined not globally but only locally by A
3
N,S in each chart.

They are connected with each other at around the equator ✓ ⇠ ⇡/2 by

A
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In other word, the two charts of the U(1) bundle are connected by the U(1) gauge transition

function from UN to US,

tNS = e
2i'

, (51)

at around the equator. Since the minimal electric charge of U(1)D ⇢ SU(2)D is 1/2 in the

unit of g, this transition function corresponds to the magnetic monopole with a minimal

magnetic charge, QM = 4⇡/g, so that the Dirac quantization condition is satisfied.10 The

field strength of A03
S,N , on the other hand, coincides with

F
03
! �

1

g
sin ✓ d✓ ^ d' , (52)

at r � (gv)�1 in both the charts.

10 The transition function at the equator, tNS = e
2in' (n 2 Z), corresponds to the magnetic charge QM =

4⇡n/g.
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At the equator θ ∼ π /2

Northern hemisphere UN Southern hemisphere US

U(1) is given by A3μ
N

U(1) is given by A3μ
S
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θ ∼ π /2
tNS = e2iφ
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�̃ =
1p
2
(�1

2 + i�2
2)

a direction orthogonal to �
a
1 for  > 0,

�2 · �1 ! 0 , (62)

at r � (gv1)�1. Around the hedgehog solution in Eq. (61), Eq. (62) requires that �
a
2 is on

the tangent space of the sphere with a constant amplitude, |�2| = v2. Such a configuration

of �2 is, however, impossible due to the Poincaré–Hopf (hairy ball) theorem. Thus, |�2|

cannot be a constant everywhere at r ! 1.

To see what kind of �2 configuration is formed, it is convenient to discuss in the combed

gauge introduced in the previous section. There, the monopole solution of �1 behaves

h�
a
1i ! v1�

a3
, (63)

at r � (gv1)�1 in each hemisphere. The U(1)D symmetry corresponds to the rotation around

the third axis of SU(2)D as in the case of the trivial vacuum. In the combed gauge, it is

useful to define a complex scalar,

�̃ =
1
p
2

�
�
1
2 � i�

2
2

�
, (64)

whose U(1)D charge is +1 (see the Appendix A). The third component �3
2 is fixed to �

3
2 = 0

due to the condition of �1 · �2 = 0.

First, let us suppose that �̃ (i.e., �a
2) takes a trivial vacuum configuration in the north

hemisphere at least for r � (gv2)�1,

�̃N =
v2
p
2
. (65)

In this trivial configuration, the U(1)D gauge flux is expelled by the Meissner e↵ect. Thus,

we may consider a trivial dark gauge field configuration,

A
03
Ni = 0 , (66)
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in the north hemisphere at r � (gv2)�1. In the south hemisphere, this configuration is

connected to

�̃S = e
2i'

�̃N = e
2i' v2

p
2
, (67)

A
03
Sidx

i =
2

g
d' , (68)

for r � (gv2)�1 due to the transition function in Eq. (51) at the equator. Thus, we find

that the trivial configuration in the north hemisphere leads to a non-trivial winding of �S.

Accordingly, we find that the dark magnetic flux,

I
A

03
Sidx

i =
4⇡

g
, (69)

is induced in the south hemisphere. The non-vanishing dark magnetic flux in the south

hemisphere is expected since the expelled magnetic flux of the monopole from the north

hemisphere has to go somewhere to satisfy the Bianchi identity in Eq. (37) for r � (gv1)�1.

In the Higgs phase, the minimum energy solution which carries the magnetic flux is given

by the string solution. In fact, the asymptotic behavior of �S in Eq. (67) coincides with that

of the cosmic string along the z-axis with n = 2 (see Eq. (4)). Therefore, we conclude that

the magnetic flux in Eq. (69) is confined in the cosmic string solution with n = 2 in the

south hemisphere. The singular asymptotic behavior of �S at ✓ = ⇡ in Eq. (67) is resolved

by the profile function h(⇢) of the cosmic string (see Eq. (4)). In Fig. 1, we show a schematic

picture of the magnetic monopole attached by a cosmic string with n = 2. In the figure,

the magnetic flux is spherical for r ⌧ (gv2)�1, while it is confined into a cylindrical cosmic

string along the z direction extended to the z < 0 region. Note that this configuration is

not static, and the monopole at the center is pulled by the string tension towards the z < 0

direction.

Another interesting possibility is to suppose that � takes a cosmic string configuration

with n = �1 in the north hemisphere (r � (gv2)�1). In this case, the asymptotic configu-

17

Transited at 

the equator

17



Bead solution for ϵ = 0
Trivial  configuration in the northern hemisphereϕa

2
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�̃ =
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2
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Figure 1. Left) A schematic picture of the string configuration attached to a monopole. The sphere
is shown as an eye-guide and is divided into the two hemispheres. The monopole is placed at the
center of the sphere. The attached cosmic string with n = 2 extends to z < 0 direction (green rod).
The arrow shows the direction of the circular current inside the string. Right) The magnetic flux
of U(1)D in the configuration. The magnetic flux is spherical for r � (gv2)�1 while it is confined
into the cosmic string. The size of the magnetic monopole (the blue point) is of ⇠ (gv1)�1. Inside
the monopole, the magnetic flux of U(1)D is not well-defined.

ration of �̃ in the north hemisphere is given by

�̃N =
v2
p
2
e
�i'

h(⇢) , (70)

which is accompanied by

A
03
Nidx

i
! �

1

g
d' . (71)
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Trivial  ϕa
2

Cosmic

string of  ϕa

2

Cosmic string in the southern hemisphere has

the winding number 2. 

Monopole

∼ (���) -�

Figure 1. Left) A schematic picture of the string configuration attached to a monopole. The sphere
is shown as an eye-guide and is divided into the two hemispheres. The monopole is placed at the
center of the sphere. The attached cosmic string with n = 2 extends to z < 0 direction (green rod).
The arrow shows the direction of the circular current inside the string. Right) The magnetic flux
of U(1)D in the configuration. The magnetic flux is spherical for r � (gv2)�1 while it is confined
into the cosmic string. The size of the magnetic monopole (the blue point) is of ⇠ (gv1)�1. Inside
the monopole, the magnetic flux of U(1)D is not well-defined.

ration of �̃ in the north hemisphere is given by

�̃N =
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which is accompanied by
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v2p
2

Dark magnetic flux of the magnetic monopole 

is confined in the half cosmic string 
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Q0
M = �

I
A3

S'd' = �4⇡

g

This configuration is not stable. 

The monopole is pulled by the string. 
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Bead solution for ϵ = 0
Cosmic string of  configuration in the northern hemisphereϕa

2

Cosmic string in UN Non trivial winding in US

Eqs. (29) and (30) at r � (gv)�1 are given by,

�
a
! v(s✓c', s✓s', c✓) , (39)

A
0a
r ! 0 , (40)

A
0a
✓ !

1

g
(s',�c', 0) , (41)

A
0a
' !

1

g
(s✓c✓c', s✓c✓s',�s

2
✓) , (42)

where each component in the right-hand side corresponds to a = 1, 2, 3. We abbreviate cos

and sin by c and s, respectively. The gauge fields in the polar coordinates, A0a
r,✓,', are read

o↵ from A
0a
i dx

i = A
0a
r dr + A

0a
✓ d✓ + A

0a
'd'. This expression is valid in the both charts.

To see the relation with the monopole configuration with the trivial vacuum in Eq. (28),

let us perform a SU(2)D gauge transformation in each chart given by,

gN =

0

@ c✓/2 e
�i'

s✓/2

�e
i'
s✓/2 c✓/2

1

A , gS =

0

@ e
i'
c✓/2 s✓/2

�s✓/2 e
�i'

c✓/2

1

A . (43)

In each chart, �a and A
a
i are transformed to

�
a
⌧
a
! �

a
N,S⌧

a = gN,S�
a
⌧
a
g
†
N,S , (44)

A
0a
i ⌧

a
! A

0a
N,S i⌧

a = gN,SA
0a
i ⌧

a
g
†
N,S �

i

g
(@igN,S)g

†
N,S , (45)

where ⌧
a=1,2,3 denote the half of the Pauli matrices.

In the UN chart, the asymptotic behaviors are given by,

�
a
! �

a
N = v�

a3
, (46)

A
0a
! A

0a
N =

1

g
�
a3(cos ✓ � 1)d' , (47)
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with A
0a
N r,✓ vanishing. In the US chart, they are given by,

�
a
! �

a
S = v�

a3
, (48)

A
0a
! A

0a
S =

1

g
�
a3(cos ✓ + 1)d' , (49)

with A
0a
S r,✓ vanishing. After the gauge transformation, the configurations �a

N,S are along the

a = 3 direction as in Eq. (28) in both charts. Accordingly, the dark photon gauge potential

corresponds to A
03
N,S as in the case of the trivial vacuum. In the following, we call this gauge

choice in the two charts the combed gauge.

In the combed gauge, A0a is defined not globally but only locally by A
3
N,S in each chart.

They are connected with each other at around the equator ✓ ⇠ ⇡/2 by

A
03
S = A

03
N +

2

g
d' . (50)

In other word, the two charts of the U(1) bundle are connected by the U(1) gauge transition

function from UN to US,

tNS = e
2i'

, (51)

at around the equator. Since the minimal electric charge of U(1)D ⇢ SU(2)D is 1/2 in the

unit of g, this transition function corresponds to the magnetic monopole with a minimal

magnetic charge, QM = 4⇡/g, so that the Dirac quantization condition is satisfied.10 The

field strength of A03
S,N , on the other hand, coincides with

F
03
! �

1

g
sin ✓ d✓ ^ d' , (52)

at r � (gv)�1 in both the charts.

10 The transition function at the equator, tNS = e
2in' (n 2 Z), corresponds to the magnetic charge QM =

4⇡n/g.
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At the equator θ ∼ π /2

Northern hemisphere UN Southern hemisphere US

U(1) is given by A3μ
N

U(1) is given by A3μ
S
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Figure 1. Left) A schematic picture of the string configuration attached to a monopole. The sphere
is shown as an eye-guide and is divided into the two hemispheres. The monopole is placed at the
center of the sphere. The attached cosmic string with n = 2 extends to z < 0 direction (green rod).
The arrow shows the direction of the circular current inside the string. Right) The magnetic flux
of U(1)D in the configuration. The magnetic flux is spherical for r � (gv2)�1 while it is confined
into the cosmic string. The size of the magnetic monopole (the blue point) is of ⇠ (gv1)�1. Inside
the monopole, the magnetic flux of U(1)D is not well-defined.
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Figure 2. Left) A schematic figure of the bead configuration. A string and an anti-string are
attached to the monopole placed at the center of the sphere. The arrows show the directions of
the circular currents inside the strings. Right) The magnetic flux of U(1)D in the configuration.
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in the south hemisphere. The connected configuration is nothing but the cosmic string

solution with n = 1. Thus, totally, this configuration has a string and an anti-string config-

urations attached to a magnetic monopole. The magnetic fluxes confined in the string and

the anti-string sum up to
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which coincides with the magnetic flux of the monopole in Eq. (35).

The above configuration is called the bead solution [36]. In Fig. 2, we show a schematic

picture of the bead solution. As in the case of Fig. 1, the magnetic flux is expected to be
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Figure 2. Left) A schematic figure of the bead configuration. A string and an anti-string are
attached to the monopole placed at the center of the sphere. The arrows show the directions of
the circular currents inside the strings. Right) The magnetic flux of U(1)D in the configuration.
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Figure 2. Left) A schematic figure of the bead configuration. A string and an anti-string are
attached to the monopole placed at the center of the sphere. The arrows show the directions of
the circular currents inside the strings. Right) The magnetic flux of U(1)D in the configuration.
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Bead solution for ϵ = 0
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Figure 2. Left) A schematic figure of the bead configuration. A string and an anti-string are
attached to the monopole placed at the center of the sphere. The arrows show the directions of
the circular currents inside the strings. Right) The magnetic flux of U(1)D in the configuration.
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which coincides with the magnetic flux of the monopole in Eq. (35).

The above configuration is called the bead solution [36]. In Fig. 2, we show a schematic

picture of the bead solution. As in the case of Fig. 1, the magnetic flux is expected to be
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Figure 1. Left) A schematic picture of the string configuration attached to a monopole. The sphere
is shown as an eye-guide and is divided into the two hemispheres. The monopole is placed at the
center of the sphere. The attached cosmic string with n = 2 extends to z < 0 direction (green rod).
The arrow shows the direction of the circular current inside the string. Right) The magnetic flux
of U(1)D in the configuration. The magnetic flux is spherical for r � (gv2)�1 while it is confined
into the cosmic string. The size of the magnetic monopole (the blue point) is of ⇠ (gv1)�1. Inside
the monopole, the magnetic flux of U(1)D is not well-defined.
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Figure1.Left)Aschematicpictureofthestringconfigurationattachedtoamonopole.Thesphere
isshownasaneye-guideandisdividedintothetwohemispheres.Themonopoleisplacedatthe
centerofthesphere.Theattachedcosmicstringwithn=2extendstoz<0direction(greenrod).
Thearrowshowsthedirectionofthecircularcurrentinsidethestring.Right)Themagneticflux
ofU(1)Dintheconfiguration.Themagneticfluxissphericalforr�(gv2)�1whileitisconfined
intothecosmicstring.Thesizeofthemagneticmonopole(thebluepoint)isof⇠(gv1)�1.Inside
themonopole,themagneticfluxofU(1)Disnotwell-defined.
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Bead solution for ϵ = 0

What if U(1) is broken by a VEV of fundamental representation ?

SU(2) → U(1) → Nothing → 　No stable soliton is expected

For ρ → ∞
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2.1.1 String solution for ε = 0
Let us begin with the cosmic string in the absence of the kinetic mixing, i.e., ε = 0. In this
paper, we always take the temporal gauge when we discuss static gauge field configurations.
The static string solution along the z-axis is given by the form (see e.g., ref. [43]),

φ = vh(ρ)einϕ , (2.4)

A′
i = −n

g

εijxj

ρ2
f(ρ) , (i, j = 1, 2) , (2.5)

where the Cartesian coordinate, (x1, x2, x3) = (x, y, z), is related to the cylindrical coordinate
via ϕ = arctan(y/x) and ρ =

√
x2 + y2. The anti-symmetric tensor in the two-dimensional

space transverse to the z-axis, εij , is defined by ε12 = 1.7 The profile functions, h(ρ) and
f(ρ), satisfy the boundary conditions,

h(ρ) → 0 , (ρ → 0) , h(ρ) → 1 , (ρ → ∞) , (2.6)
f(ρ) → 0 , (ρ → 0) , f(ρ) → 1 , (ρ → ∞) . (2.7)

The profile functions can be determined numerically from the field equations of motion,
which approach to 1 for ρ $ (gv)−1 exponentially. The winding number, n ∈ π1 (U(1)D), is
related to the dark magnetic flux inside the string core,

∫
d2xB′

z =
∮

ρ→∞
A′

idx
i = 2πn

g
, (2.8)

where B′
z = εijF ′

ij/2.

2.1.2 String solution for ε != 0
In the presence of the kinetic mixing, the field equations of the QED and the dark photon
are given by,

∂µF
µν − ε∂µF

′µν = eJν
QED , (2.9)

∂µF̃
µν = 0 , (2.10)

∂µF
′µν − ε∂µF

µν = gJν
D , (2.11)

∂µF̃
′µν = 0 . (2.12)

Here, Jµ
QED and Jµ

D denote the charge currents coupling to the QED and the dark photons,
respectively. The second and the fourth equations are the Bianchi identities for F̃ (′)

µν =
εµνρσF (′)ρσ/2.

To discuss the vacuum configuration, let us take Jµ
QED = 0. Around the dark cosmic

string, the dark charged current is given by,

J i
D = iφDiφ

† − iφ†Diφ = 2v2nεijxj
ρ2

h2(f − 1) , (2.13)

7With dϕ = −dxiεijx
j/ρ2, we may rewrite eq. (2.5) by A′

idx
i = n/g × f(ρ)dϕ.
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Figure 1. Left) A schematic picture of the string configuration attached to a monopole. The sphere
is shown as an eye-guide and is divided into the two hemispheres. The monopole is placed at the
center of the sphere. The attached cosmic string with n = 2 extends to z < 0 direction (green rod).
The arrow shows the direction of the circular current inside the string. Right) The magnetic flux
of U(1)D in the configuration. The magnetic flux is spherical for r � (gv2)�1 while it is confined
into the cosmic string. The size of the magnetic monopole (the blue point) is of ⇠ (gv1)�1. Inside
the monopole, the magnetic flux of U(1)D is not well-defined.

ration of �̃ in the north hemisphere is given by

�̃N =
v2
p
2
e
�i'

h(⇢) , (70)

which is accompanied by

A
03
Nidx

i
! �

1

g
d' . (71)

18

Only unstable composite monopole-cosmic string 

can be formed !
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Bead solution for ϵ = 0
Classical Lattice Simulation 

Figure 6. Cosmic beads network, i.e., the necklace. The red and green surfaces are the isosurface
of |�1| = 0.5v1 and |�2| = 0.06v1, respectively. The figure shows that the magnetic monopoles (or
the beads) appearing as red points are connected by the cosmic strings.

In Fig. 6, we show the time slice at the end of simulation with the parameter set I in Tab. I.

The red and green surfaces are the isosurface of |�1| = 0.5v1 and |�2| = 0.06v1, respectively.

This shows that a string (green) connects to two monopoles (red) at its both ends, or, in

other words, two strings are connected by a monopole. This configuration confirms the

formation of the beads solution as well as their network, the necklace (see also Ref. [46]).

At the early time of the simulation, when the energy density of the scalar fields become

smaller than O(�1v
4
1), the SU(2)D is broken to U(1)D, and then the monopoles are formed.

After a while when the scalar fields are well relaxed and their energy density becomes smaller

than O(�2v
4
2), the residual U(1)D is totally broken by |�2| ' v2, and then the cosmic strings

are formed. We define s(⌘) = aL/(H�1) to characterize the box size where L is the physical

box size at the initial time and H is the Hubble parameter. We set the initial and final

values of s(⌘) to be si = 60 and sf = 2 in this simulation for the set I. Note that the choice

of sf = 2 ensures to suppress the unphysical e↵ects arising from the finiteness of the periodic

box on the necklace.

Next, we discuss how the magnetic flux from the monopoles are confined in to the strings.

The network simulation shown before yields wriggling strings with a number of kinks. There-

fore, the magnetic field associated with them has a highly complicated configuration. To

28

I II

grid size 384 256
time step 14400 25600

si 60 30
sf 2 0.2
af 30 150

v2/v1 0.3 0.3
�10 1 1
�20 1 1
0 2 2
✏ 0.2 0.2
g 1/

p
2 1

Table I. The model parameters for the numerical simulation.

the non-Abelian generalization of Gauss law as a constraint.

We assume the radiation dominated Universe as a cosmic background and that the scalar

fields have thermal distributions at the initial time with the initial temperature T = v1,16

and impose the periodic boundary conditions spatially. We use the conformal time ⌘ and

set the initial condition at ⌘ = 0. Without loss of generality, we fix the initial scale factor

to be the unity, a(0) = 1.

We solve the field equations by the Leap-Frog scheme and the 2nd-order finite di↵erences

for the spatial derivatives. The model parameters are tabulated in Tab. I. Following Ref. [46],

we employ the Press-Ryden-Spergel algorithm [54] to maintain the width of strings and the

size of monopoles in the comoving box to gain a wide dynamic range of the simulation. In

this algorithm, the coupling constants, �i and g, scale as

�i(⌘) =
�i0

a2
, g(⌘) =

g0

a
, (90)

with �i0 and g0 being their initial values (g, �1,2 in Tab. I, respectively). We turn on this

scaling at a(⌘) = 2.

16 Our purpose of the present simulations is to demonstrate the development of the necklace and the con-

finement of the magnetic fields. Thus, the background solution and the initial distribution of the scalar

fields are of little importance. However, we have to take care of the initial conditions, if we would like to

measure the physical properties of the necklace, e.g., the correlation length of the necklace, or to accelerate

the relaxation of the fields in the computational box as in Ref. [46].
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Red points

      = Monopole

Green Lines

      = Cosmic Strings

Starting from random configuration (i.e., ~ thermalized configuration ), 

we confirmed the formation of the beads network = necklace
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Bead solution for ϵ ≠ 0?
How does the necklace look like from QED sector ?

∼(���)-�

Figure 2. Left) A schematic figure of the bead configuration. A string and an anti-string are
attached to the monopole placed at the center of the sphere. The arrows show the directions of
the circular currents inside the strings. Right) The magnetic flux of U(1)D in the configuration.

This configuration is connected to
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, (72)

A
03
Sidx

i
! A

03
Nidx

i +
2

g
d' =

1

g
d' , (73)

in the south hemisphere. The connected configuration is nothing but the cosmic string

solution with n = 1. Thus, totally, this configuration has a string and an anti-string config-

urations attached to a magnetic monopole. The magnetic fluxes confined in the string and

the anti-string sum up to

I
A

03
Nidx

i
�

I
A

03
Sidx

i = �
4⇡

g
, (74)

which coincides with the magnetic flux of the monopole in Eq. (35).

The above configuration is called the bead solution [36]. In Fig. 2, we show a schematic

picture of the bead solution. As in the case of Fig. 1, the magnetic flux is expected to be
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�1 the bead solution just looks like

cosmic strings with the winding number .±1
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Flux in string and anti-string :

Bianchi identity of QED is satisfied 
“everywhere” in R3 :
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Due to the Bianchi identity of QED 
magnetic flux lines are not broken
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FQED = 0

QED magnetic flux sources out from 
the monopole.

~(gv2)
-1

Rough sketch of the 

QED magnetic flux (RED)

It looks like a QED monopole from a distance !

It is attached by the visible strings in which 

QED magnetic fields flow.
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Pseudo QED monopole→

26



Bead solution for ϵ ≠ 0?
Magnetic necklace 

Figure 5. A schematic picture of the magnetic necklace. The dark magnetic flux is trapped inside
the necklace (the green line). In the presence of the kinetic mixing, the QED magnetic flux (the
black lines) leaks out from the positions of the (anti-)monopole.

IV. NUMERICAL SIMULATION

To confirm the formation of the necklace and the QED magnetic field induced through

the kinetic mixing, we perform numerical simulations in a 3D expanding box. As discussed

in the previous section, we introduce two adjoint scalar fields, �1 and �2 of SU(2)D. The

first scalar field, �1, develops the monopoles at the first phase transition at v1 and involves

the kinetic mixing between U(1)QED and SU(2)D gauge fields as discussed in Sec. II B 2. The

second scalar field, �2, then develops the cosmic strings at the second phase transition at

v2 ⌧ v1, which is expected to confine the U(1)D magnetic field into the cosmic strings. The

U(1)QED magnetic field is induced by the U(1)D magnetic field through the kinetic mixing.

The action is summarized as

L = �
1

4
Fµ⌫F

µ⌫
�

1

4
F
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µ⌫F

0aµ⌫ +
�
a

2⇤
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µ⌫ +Dµ�
a
1D

µ
�
a
1 +Dµ�

a
2D

µ
�
a
2 � V (�1,�2), (89)

where the potential is given by Eq. (58). The governing equations for the scalar fields and

the gauge fields are given by varying the action. We take the temporal gauge, Aa
0 = 0, with
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If the two step symmetry breaking takes place for v1 ≫ v2, 

we expect a network of pseudo-magnetic monopole-network

Magnetic necklace

String

QED magnetic field
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Classical Lattice Simulation
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Figure 8. The stream line constructed by the magnetic field B
0(e↵)
i (left) and B

(QED)
i (right) at

⌘v1 = 79.0. We focus on the magnetic flux arising from two lower monopoles on the two diagonal
cosmic strings in Fig. 7. The axis labels indicate the spatial coordinate normalised by the box size.
The stream lines start from a certain distance from the monopole points of the monopoles. The
red ones are the stream lines flowing out of the monopole region, while the blue ones are those
for the “negative” length parameter. (See the Appendix C for details of the stream line.) The
arrows with a corresponding color indicate the direction of the flux. In the left panel, the blue lines
show that the magnetic flux are ending at the monopole points, while the red ones show that the
magnetic flux flows along the cosmic strings and reach the left monopoles. The right panel shows
that the induced B

(QED)
i flowing out of the monopole regions (red) follows the cosmic strings, while

it actually goes outside of the monopole region (blue).

3.3 times the e↵ective monopole size (see the Appendix C for the details how to construct

the stream lines). In the following, we focus on the two diagonal cosmic strings in Fig. 7,

each of which has a pair of monopole and anti-monopole.

In the left panel of Fig. 8, the blue lines are localized around the two monopoles, which

show that the magnetic flux are starting from the monopoles. Note that, due to the numerical

error, the blue lines are overshot at the left-bottom monopole. The red stream lines flow

along the cosmic string, which show that the magnetic flux starting from the two lower

monopoles are confined in the cosmic strings. The figure also shows the convergence of

the stream lines to another monopole in the each string. Thus, the left panel confirms the

confinement of the magnetic flux in the bead solution.
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Stream lines around the monopoles 

dark magnetic flux
Figure 8. The stream line constructed by the magnetic field B

0(e↵)
i (left) and B

(QED)
i (right) at

⌘v1 = 79.0. We focus on the magnetic flux arising from two lower monopoles on the two diagonal
cosmic strings in Fig. 7. The axis labels indicate the spatial coordinate normalised by the box size.
The stream lines start from a certain distance from the monopole points of the monopoles. The
red ones are the stream lines flowing out of the monopole region, while the blue ones are those
for the “negative” length parameter. (See the Appendix C for details of the stream line.) The
arrows with a corresponding color indicate the direction of the flux. In the left panel, the blue lines
show that the magnetic flux are ending at the monopole points, while the red ones show that the
magnetic flux flows along the cosmic strings and reach the left monopoles. The right panel shows
that the induced B

(QED)
i flowing out of the monopole regions (red) follows the cosmic strings, while

it actually goes outside of the monopole region (blue).

3.3 times the e↵ective monopole size (see the Appendix C for the details how to construct

the stream lines). In the following, we focus on the two diagonal cosmic strings in Fig. 7,

each of which has a pair of monopole and anti-monopole.

In the left panel of Fig. 8, the blue lines are localized around the two monopoles, which

show that the magnetic flux are starting from the monopoles. Note that, due to the numerical

error, the blue lines are overshot at the left-bottom monopole. The red stream lines flow

along the cosmic string, which show that the magnetic flux starting from the two lower

monopoles are confined in the cosmic strings. The figure also shows the convergence of

the stream lines to another monopole in the each string. Thus, the left panel confirms the

confinement of the magnetic flux in the bead solution.
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QED magnetic flux

Figure 9. Left : Equally distributed points on a sphere enclosing a monopole. Right : Red curve is
the stream line for positive ⇣ and blue one is that for negative ⇣.

the left panel of Fig. 9, we show the equally distributed points on a sphere enclosing a

monopole with N⇤ = 200. Solving Eq. (C1 from ⇣ = 0 to ⇣ > 0, we obtain a red curve,

whose tangential vector is equal to B(x), and solving it to ⇣ < 0, we obtain a blue curve,

as shown in the right panel of Fig. 9.

Notice that the stream line, xs(⇣), constructed here is nothing but a line whose tangential

vector is equal to B(xs(⇣)) at every point on the line, and thus does not represent the

physical magnetic flux, �(x). By construction, the number of the stream line at the initial

sphere is fixed and the number along the line is not proportional the the magnetic flux

density thereat, whereas the number of the physical magnetic flux passing across a closed

area is proportional to the magnetic flux density. However, the stream line can visualise

how the magnetic field arising from a monopole can be confined in a string.
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After obtaining the final configuration, 

we choose random points in a sphere 
of a radius about 3x of the monopole

Then, we solve vector flow 

in |z| < L/2. Here, we use the cylindrical coordinate (⇢,�, z) and R is the radius of the

solenoid. The magnetic field around the finite solenoid is given by [53],17
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In the above expression, we have used the complete elliptic integral of the first kind K(m),

the complete elliptic integral E(m), and the complete elliptic integral of the third kind

⇧(n,m), respectively.

Appendix C: Stream Line

To visualise how the magnetic flux spread around monopoles, we compute the stream

line xs(⇣), where ⇣ is the length parameter characterising the stream line, by solving

dxs

d⇣
= B(e↵)

i (xs(⇣)), (C1)

from a point, xs(0) = x0, close to the monopoles. Here, the bold characters denote the

spatial vector.

Let us determine a set of the starting points, x0. First we identify the volume, V ,

satisfying |�1| < v1/2 centred at a monopole core, and consider a sphere, whose radius is

given as r⇤ = ↵⇤(3V/4⇡)1/3 with positive constant ↵⇤, enclosing the monopole. Then we

distibute N⇤ points equally spaced on the sphere. We solve Eq.(C1) from these points. In

17 The expressions in Eqs. (B2) and (B3) are obtained by integrating Eqs. (6) and (8) of Ref. [53].
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(starting from those monopoles)
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Figure 8. The stream line constructed by the magnetic field B
0(e↵)
i (left) and B

(QED)
i (right) at

⌘v1 = 79.0. We focus on the magnetic flux arising from two lower monopoles on the two diagonal
cosmic strings in Fig. 7. The axis labels indicate the spatial coordinate normalised by the box size.
The stream lines start from a certain distance from the monopole points of the monopoles. The
red ones are the stream lines flowing out of the monopole region, while the blue ones are those
for the “negative” length parameter. (See the Appendix C for details of the stream line.) The
arrows with a corresponding color indicate the direction of the flux. In the left panel, the blue lines
show that the magnetic flux are ending at the monopole points, while the red ones show that the
magnetic flux flows along the cosmic strings and reach the left monopoles. The right panel shows
that the induced B

(QED)
i flowing out of the monopole regions (red) follows the cosmic strings, while

it actually goes outside of the monopole region (blue).

3.3 times the e↵ective monopole size (see the Appendix C for the details how to construct

the stream lines). In the following, we focus on the two diagonal cosmic strings in Fig. 7,

each of which has a pair of monopole and anti-monopole.

In the left panel of Fig. 8, the blue lines are localized around the two monopoles, which

show that the magnetic flux are starting from the monopoles. Note that, due to the numerical

error, the blue lines are overshot at the left-bottom monopole. The red stream lines flow

along the cosmic string, which show that the magnetic flux starting from the two lower

monopoles are confined in the cosmic strings. The figure also shows the convergence of

the stream lines to another monopole in the each string. Thus, the left panel confirms the

confinement of the magnetic flux in the bead solution.
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Stream lines around the monopoles 

dark magnetic flux
Figure 8. The stream line constructed by the magnetic field B

0(e↵)
i (left) and B

(QED)
i (right) at

⌘v1 = 79.0. We focus on the magnetic flux arising from two lower monopoles on the two diagonal
cosmic strings in Fig. 7. The axis labels indicate the spatial coordinate normalised by the box size.
The stream lines start from a certain distance from the monopole points of the monopoles. The
red ones are the stream lines flowing out of the monopole region, while the blue ones are those
for the “negative” length parameter. (See the Appendix C for details of the stream line.) The
arrows with a corresponding color indicate the direction of the flux. In the left panel, the blue lines
show that the magnetic flux are ending at the monopole points, while the red ones show that the
magnetic flux flows along the cosmic strings and reach the left monopoles. The right panel shows
that the induced B

(QED)
i flowing out of the monopole regions (red) follows the cosmic strings, while

it actually goes outside of the monopole region (blue).

3.3 times the e↵ective monopole size (see the Appendix C for the details how to construct

the stream lines). In the following, we focus on the two diagonal cosmic strings in Fig. 7,

each of which has a pair of monopole and anti-monopole.

In the left panel of Fig. 8, the blue lines are localized around the two monopoles, which

show that the magnetic flux are starting from the monopoles. Note that, due to the numerical

error, the blue lines are overshot at the left-bottom monopole. The red stream lines flow

along the cosmic string, which show that the magnetic flux starting from the two lower

monopoles are confined in the cosmic strings. The figure also shows the convergence of

the stream lines to another monopole in the each string. Thus, the left panel confirms the

confinement of the magnetic flux in the bead solution.
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QED magnetic flux

dark magnetic flux : converge to the monopole points 

QED magnetic flux : flowing out or absorbed out 

→We confirmed the formation of  pseudo monopoles
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Topological defects  
in the dark sector

SU(2) → U(1)  
Dark Magnetic Monopole

U(1) breaking 
Dark Cosmic String

How do they look in QED ?

εFF’

Through 
Kinetic Mixing

Nothing

SU(2) → U(1) → Z2 
Dark Bead Solution

∼(���)-�

Figure 2. Left) A schematic figure of the bead configuration. A string and an anti-string are
attached to the monopole placed at the center of the sphere. The arrows show the directions of
the circular currents inside the strings. Right) The magnetic flux of U(1)D in the configuration.

This configuration is connected to

�̃S ! e
2'
�̃N =

v2
p
2
e
i'

, (72)

A
03
Sidx

i
! A

03
Nidx

i +
2

g
d' =

1

g
d' , (73)

in the south hemisphere. The connected configuration is nothing but the cosmic string

solution with n = 1. Thus, totally, this configuration has a string and an anti-string config-

urations attached to a magnetic monopole. The magnetic fluxes confined in the string and

the anti-string sum up to

I
A

03
Nidx

i
�

I
A

03
Sidx

i = �
4⇡

g
, (74)

which coincides with the magnetic flux of the monopole in Eq. (35).

The above configuration is called the bead solution [36]. In Fig. 2, we show a schematic

picture of the bead solution. As in the case of Fig. 1, the magnetic flux is expected to be

19

Bead solution
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Cosmic string for  in canonical baseϵ ≠ 0

and A
0
µ by,

gs =
g

p
1� ✏2

, (16)

gA
0
µ = gsA

0
sµ . (17)

The resultant dark magnetic flux for the dark cosmic string with the winding number n is

given by,

I
A

0
sµdx

µ =
2⇡n

gs
. (18)

As a result, we find that the dark cosmic string induces the QED magnetic flux along the

cosmic string [43, 44] and the Wilson loop of QED around the string is given by,

WQED =

I
eAµdx

µ = ✏e

I
A

0
µdx

µ =
gs✏e

g

I
A

0
sµdx

µ =
2⇡n✏e

g
. (19)

The corresponding Aharonov-Bohm (AB) phase of a particle with the QED charge q is

given by qWQED. Thus, the dark local string becomes the AB string [43] through the kinetic

mixing.8

Note that the string solution satisfying Eq. (14) can be obtained more easily in the canon-

ically normalized basis (Xµ, X
0
µ) defined by,

Aµ = Xµ + ✏A
0
µ , (20)

A
0
µ =

1
p
1� ✏2

X
0
µ . (21)

In the canonically normalized basis, there is no kinetic mixing between Xµ and X
0
µ, and

hence, the configuration of the shifted QED is trivial around the dark string solution of X 0
µ,

8 The irrational AB phase per 2⇡ is due to the irrationalities of the kinetic mixing and the ratio e/g, which

is consistent with the compactness of U(1)D⇥U(1)QED.
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We can move to the canonical base by

and A
0
µ by,

gs =
g

p
1� ✏2

, (16)

gA
0
µ = gsA

0
sµ . (17)

The resultant dark magnetic flux for the dark cosmic string with the winding number n is

given by,

I
A

0
sµdx

µ =
2⇡n

gs
. (18)

As a result, we find that the dark cosmic string induces the QED magnetic flux along the

cosmic string [43, 44] and the Wilson loop of QED around the string is given by,

WQED =

I
eAµdx

µ = ✏e

I
A

0
µdx

µ =
gs✏e

g

I
A

0
sµdx

µ =
2⇡n✏e

g
. (19)

The corresponding Aharonov-Bohm (AB) phase of a particle with the QED charge q is

given by qWQED. Thus, the dark local string becomes the AB string [43] through the kinetic

mixing.8

Note that the string solution satisfying Eq. (14) can be obtained more easily in the canon-

ically normalized basis (Xµ, X
0
µ) defined by,

Aµ = Xµ + ✏A
0
µ , (20)

A
0
µ =

1
p
1� ✏2

X
0
µ . (21)

In the canonically normalized basis, there is no kinetic mixing between Xµ and X
0
µ, and

hence, the configuration of the shifted QED is trivial around the dark string solution of X 0
µ,

8 The irrational AB phase per 2⇡ is due to the irrationalities of the kinetic mixing and the ratio e/g, which

is consistent with the compactness of U(1)D⇥U(1)QED.
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Cosmic string for  in canonical baseϵ ≠ 0

The magnetic flux of the dark string solutioni.e., Xµ = 0. The magnetic flux of the dark cosmic string is then given by,

I
X

0
sµdx

µ =
2⇡n

gs
. (22)

In this shifted basis, the AB phases on the QED charged particles appear through the

direct coupling to the dark photon, X 0
µ,

L = �
✏e

p
1� ✏2

X
0
µJ

µ
QED . (23)

Thus, again, the AB phase of the QED charged particle with the charge q is given by,

qWQED =
q✏e

p
1� ✏2

I
X

0
µdx

µ =
2⇡nq✏e

g
. (24)

B. Monopole

Next, we discuss the e↵ects of the kinetic mixing on the ’t Hooft-Polyakov-type monopole [31–

33]. Unlike in the previous subsection, we here assume that the U(1)D gauge symmetry

stems from SU(2)D gauge symmetry and remains unbroken.

1. Monopole for ✏ = 0

Let us first consider the SU(2)D gauge theory with a scalar field in the adjoint represen-

tation, �a (a = 1, 2, 3). The relevant Lagrangian density is given by,

L = �
1

4
F

0a
µ⌫F

0aµ⌫ +
1

2
Dµ�

a
D

µ
�
a
�

�

4
(�a

�
a
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2)2 , (25)
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0a
µ + g✏

abc
A

0b
µA

0c
⌫ , (26)

Dµ�
a = @µ�

a + g✏
abc

A
0b
µ�

c
. (27)

Here, A0a
µ is the SU(2)D gauge field, F 0a

µ⌫ its field strength, and g is the gauge coupling constant

of SU(2)D. We assume � ⇠ g in the following analysis. As in the previous subsection, we

8

The AB phase the test QED charged particle (charge = q ) feels

i.e., Xµ = 0. The magnetic flux of the dark cosmic string is then given by,

I
X

0
sµdx

µ =
2⇡n

gs
. (22)

In this shifted basis, the AB phases on the QED charged particles appear through the

direct coupling to the dark photon, X 0
µ,

L = �
✏e

p
1� ✏2

X
0
µJ

µ
QED . (23)

Thus, again, the AB phase of the QED charged particle with the charge q is given by,

qWQED =
q✏e

p
1� ✏2

I
X

0
µdx

µ =
2⇡nq✏e

g
. (24)

B. Monopole

Next, we discuss the e↵ects of the kinetic mixing on the ’t Hooft-Polyakov-type monopole [31–

33]. Unlike in the previous subsection, we here assume that the U(1)D gauge symmetry

stems from SU(2)D gauge symmetry and remains unbroken.

1. Monopole for ✏ = 0

Let us first consider the SU(2)D gauge theory with a scalar field in the adjoint represen-

tation, �a (a = 1, 2, 3). The relevant Lagrangian density is given by,

L = �
1
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2
Dµ�

a
D

µ
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⌫ , (26)

Dµ�
a = @µ�

a + g✏
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A
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c
. (27)

Here, A0a
µ is the SU(2)D gauge field, F 0a

µ⌫ its field strength, and g is the gauge coupling constant

of SU(2)D. We assume � ⇠ g in the following analysis. As in the previous subsection, we

8

which is the same with the non-canonical basis analysis.



Combing gauge transformation

Eqs. (29) and (30) at r � (gv)�1 are given by,

�
a
! v(s✓c', s✓s', c✓) , (39)

A
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A
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' !

1

g
(s✓c✓c', s✓c✓s',�s

2
✓) , (42)

where each component in the right-hand side corresponds to a = 1, 2, 3. We abbreviate cos

and sin by c and s, respectively. The gauge fields in the polar coordinates, A0a
r,✓,', are read

o↵ from A
0a
i dx

i = A
0a
r dr + A

0a
✓ d✓ + A

0a
'd'. This expression is valid in the both charts.

To see the relation with the monopole configuration with the trivial vacuum in Eq. (28),

let us perform a SU(2)D gauge transformation in each chart given by,
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a
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where ⌧
a=1,2,3 denote the half of the Pauli matrices.

In the UN chart, the asymptotic behaviors are given by,

�
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a3
, (46)
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g
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To comb the hedgehog, we use the gauge transformation in UN and US

Eqs. (29) and (30) at r � (gv)�1 are given by,
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where each component in the right-hand side corresponds to a = 1, 2, 3. We abbreviate cos

and sin by c and s, respectively. The gauge fields in the polar coordinates, A0a
r,✓,', are read

o↵ from A
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i = A
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r dr + A
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✓ d✓ + A
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'd'. This expression is valid in the both charts.
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a3(cos ✓ � 1)d' , (47)
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Bead solution in hedgehog gauge

The hedgehog chart is globally defined as an SU(2) theory

How does the bead solution look like in this gauge ? 
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�̃N ! e�i' v2p
2

Figure 1. Left) A schematic picture of the string configuration attached to a monopole. The sphere
is shown as an eye-guide and is divided into the two hemispheres. The monopole is placed at the
center of the sphere. The attached cosmic string with n = 2 extends to z < 0 direction (green rod).
The arrow shows the direction of the circular current inside the string. Right) The magnetic flux
of U(1)D in the configuration. The magnetic flux is spherical for r � (gv2)�1 while it is confined
into the cosmic string. The size of the magnetic monopole (the blue point) is of ⇠ (gv1)�1. Inside
the monopole, the magnetic flux of U(1)D is not well-defined.

ration of �̃ in the north hemisphere is given by

�̃N =
v2
p
2
e
�i'

h(⇢) , (70)

which is accompanied by

A
03
Nidx

i
! �

1

g
d' . (71)
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Combed gauge in northern 
hemisphere

Combed gauge in southern 
hemisphere
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asymptotic behaviors of the bead solution are given by,

�
a
1 ! v1(s✓c', s✓s', c✓) , (79)

�
a
2 ! v2(c✓c', c✓s',�s✓) , (80)

A
0a
r ! 0 , (81)

A
0a
✓ !

1

g
(s',�c', 0) , (82)

A
0a
' !

1

g
(0, 0,�1) . (83)

These asymptotic fields of course satisfies Dµ�1 ! 0, Dµ�2 ! 0, and �1 · �2 ! 0 for

r � (gv2)�1 and ⇢ � (gv2)�1.

Before closing this subsection, let us comment on the topological property of the bead

and string solutions. For the successive symmetry breaking, SU(2)D ! U(1)D ! Z2, the

topological property of the vacuum configuration is classified by ⇡1(SU(2)D/Z2) = Z2. The

topological defects associated with ⇡1(SU(2)D/Z2) are cosmic strings with the winding num-

ber

n = 0, 1 (mod 2) . (84)

Other cosmic strings with even and odd winding numbers are topologically equivalent to the

solution with n = 0 and n = 1, respectively. Thus, for example, there should be a continuous

path which connects the string (n = 1) and the anti-string (n = �1). The bead solution is

the realization of such a path in the three dimensional space, where the cosmic string with

n = 1 beneath the monopole is flipped to that of n = �1 above the monopole. From this

property, the bead solution is also an example of the junction of the Zk-string [49, 50].

The configuration with a monopole attached by a cosmic string with the winding number

n = 2 is also important for the equivalence between the trivial vacuum and the cosmic strings

with even winding numbers. In fact, this configuration allows a long string with n = 2 to

break up by creating a pair of a monopole and an anti-monopole by quantum tunneling [51].

Note also that the topological charge, ⇡2(SU(2)D/U(1)D), is e↵ectively conserved for
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