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Topological Soliton

1

V(ϕ)

trivial non-trivial
(point) (circle )S1

V(ϕ)

• Non-perturbative object in field theories

• monopole, vortex string, skyrmion, instanton, etc..

• It appears if vacuum has non-trivial topology.

• Vortex string appears in many systems:

• cosmic string, superconductor, neutron star, etc.

y

z
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vortex string



Global vs Local strings
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• SSB of gauged  sym → local vortex stringU(1)

• SSB of global  sym → global vortex stringU(1)

y

z

x
NG boson phase changes from  to 0 2π

→ magnetic flux is squeezed w/ finite width

→ w/o magnetic flux
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local string

global string

link soliton made of local & global strings!
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Link soliton
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• stable solution of EOM (!)

• Key: Chern-Simons coupling like 
c

16π2 ∫ d4x aFF̃

• 1st example of link soliton in gauge theory!

 {
U(1)global → U(1)PQ

U(1)gauge → U(1)B−L

→linking flux, applicable for baryogenesis

• Natural choice:

link = origin of matter

• generally, global string can contain small flux
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Vortices w/ CS coupling (review)

[e.g., Horvathy-Zhang '08]



Abelian-Higgs w/ Chern-Simons 
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x

y

Let's start from 2+1D Abelian-Higgs w/ CS term:

vortex

ℒ = |Dμϕ |2 − 1
4 F2

μν − V(ϕ) + g2c ϵμνλAμ∂νAλ

V(ϕ) = − m2 |ϕ |2 + λ |ϕ |4

• For ,  is decoupled for static configurations.c = 0 A0

→ static solution:
ϕ = v f(r) eiθ

Aθ = a(r)/g
A0 = Ar = 0 {f(0) = 0, f(∞) = 1

a(0) = 0, a(∞) = 1

→ quantized magnetic flux ∫ d2xB = 2π/g



Chern-Simons vortex
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Let's start from 2+1D Abelian-Higgs w/ CS term:

ℒ = |Dμϕ |2 − 1
4 F2

μν − V(ϕ) + g2c ϵμνλAμ∂νAλ

• For ,  is NOT, due to Gauss law constraint:c ≠ 0 A0

δℒ
δA0

= ∂iEi − g2J0 + g2cB = 0

→ magnetic flux sauces electric field!

J0 ≡ ϕ†iD0ϕ + (h . c.)

x
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vortex

Ei = ∂iA0
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Chern-Simons vortex
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Let's start from 2+1D Abelian-Higgs w/ CS term:

ℒ = |Dμϕ |2 − 1
4 F2

μν − V(ϕ) + g2c ϵμνλAμ∂νAλ

• For ,  is NOT, due to Gauss law constraint:c ≠ 0 A0

δℒ
δA0

= ∂iEi − g2J0 + g2cB = 0

→ magnetic flux sauces electric field!

J0 ≡ ϕ†iD0ϕ + (h . c.)

⃗E
x

y

vortex

• quantized magnetic flux & electric charge

∫ d2x B = 2π/g ∫ d2x J0 = 2πc/g

called Chern-Simons vortex

Ei = ∂iA0



Interaction of Chern-Simons vortices
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• Asymptotic behavior at r → ∞

ϕ = v f(r) eiθ

Aθ = a(r)/g
A0 = b(r)/g

1 − f(r) ∼ e−Mϕ r

  for ≃ *(gv/c) c → ∞

f(0) = 0, f(∞) = 1
a(0) = 0, a(∞) = 1
b(0) = 0, b(∞) = 0

b(r) ∼ 1 − a(r) ∼ e−Mc r

w/  Mc ≡ gv ( 1
2 4 + c2 − c

2 )

• Single static solution:
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• Asymptotic behavior at r → ∞

ϕ = v f(r) eiθ

Aθ = a(r)/g
A0 = b(r)/g

1 − f(r) ∼ e−Mϕ r

  for ≃ *(gv/c) c → ∞

f(0) = 0, f(∞) = 1
a(0) = 0, a(∞) = 1
b(0) = 0, b(∞) = 0

b(r) ∼ 1 − a(r) ∼ e−Mc r

w/  Mc ≡ gv ( 1
2 4 + c2 − c

2 )
• For large , long-range repulsive force!c

• Single static solution:

x

y

vortex

⃗E

vortex

repulsive
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Stability of link soliton



The model
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3+1D theory:

ℒ = |Dμϕ1 |2 + |∂μϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2)

V(ϕ) = λ ( |ϕ1 |2 + |ϕ2 |2 − μ2)
2

− κ |ϕ1 |2 |ϕ2 |2 + χ |ϕ2 |4

• For  & , both symmetries are broken at the vacuum:κ > 0 λ > 0

• Symmetries:

U(1)gauge : ϕ1 → eiθ1ϕ1 U(1)global : ϕ2 → eiθ2ϕ2

Dμϕ1 = (∂μ − igAμ)ϕ1

⟨ϕ1⟩ = v1, ⟨ϕ2⟩ = v2

→ global & local strings



The model
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ℒ = |Dμϕ1 |2 + |∂μϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2)

• At the broken phase, CS coupling is induced by triangle 
anomaly.

+ c
16π2 aFμνF̃μν

V(ϕ) = λ ( |ϕ1 |2 + |ϕ2 |2 − μ2)
2

− κ |ϕ1 |2 |ϕ2 |2 + χ |ϕ2 |4

Dμϕ1 = (∂μ − igAμ)ϕ1 a ≡ − i arg(ϕ2)

CS coupling

ψ dependent on matter sector

⇒ c = ∑
f

Q f
global(Q

f
gauge)2

3+1D theory:

a
Aμ

Aν



The model
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ℒ = |Dμϕ1 |2 + |∂μϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2)

• CS coupling does not affect single strings.

V(ϕ) = λ ( |ϕ1 |2 + |ϕ2 |2 − μ2)
2

− κ |ϕ1 |2 |ϕ2 |2 + χ |ϕ2 |4

Dμϕ1 = (∂μ − igAμ)ϕ1 a ≡ − i arg(ϕ2)

CS coupling

+ c
16π2 aFμνF̃μν

3+1D theory:
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Charged string
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ℒ = |Dμϕ1 |2 + |∂μϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2) − c
16π2 (∂i a) A0Bi

CS coupling

a = θ ⇒ (∂i a) A0Bi = 1
R

A0 | ⃗B |

Rewriting CS coupling:

θ

 stringϕ2

 stringϕ1
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Charged string
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ℒ = |Dμϕ1 |2 + |∂μϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2) − c
16π2 (∂i a) A0Bi

CS coupling

a = θ ⇒ (∂i a) A0Bi = 1
R

A0 | ⃗B |

 string is electrically charged! → doesn't shrinkϕ1

⇒ ∫ d3x J0 = 2πR∫ d2x
c

16π2R
| ⃗B | = c

4g

δℒ
δA0

= ∂iEi − g2J0 + g2c
16π2R

| ⃗B | = 0

Gauss law:

Rewriting CS coupling:

θ

 stringϕ2

 stringϕ1



Stability
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• Delinking by passing through each other?

→ prevented by taking λ ≫ g2, κ, χ

Overlap of strings ( ) cost large energyϕ1 = ϕ2 = 0

V(ϕ) = λ ( |ϕ1 |2 + |ϕ2 |2 − μ2)
2

− κ |ϕ1 |2 |ϕ2 |2 + χ |ϕ2 |4

ϕ1

ϕ2

•  string is not charged and thus can shrink ?ϕ2

→ prevented by taking v2/v1 ≪ 1

 string is too light to pinch  stringϕ2 ϕ1 ϕ1
ϕ2



Numerical calculation
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ℰ = |Diϕ1 |2 + |∂iϕ2 |2 + V(ϕ1, ϕ2) + 1
2g2 (∂iAj)2

• Not positive definite → remove  by solving Gauss law:A0

Energy:

−g2 |ϕ1 |2 A2
0 − 1

2g2 (∂iA0)2 − c
16π2 aFμνF̃μν

δℒ
δA0

= ∂2A0 − 2g2 |ϕ1 |2 A0 + g2c
16π2 ( ⃗∇ a) ⋅ ⃗B = 0
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Numerical calculation
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ℰ = |Diϕ1 |2 + |∂iϕ2 |2 + V(ϕ1, ϕ2) + 1
2g2 (∂iAj)2

• Not positive definite → remove  by solving Gauss law:A0

Energy:

−g2 |ϕ1 |2 A2
0 − 1

2g2 (∂iA0)2 − c
16π2 aFμνF̃μν

δℒ
δA0

= ∂2A0 − 2g2 |ϕ1 |2 A0 + g2c
16π2 ( ⃗∇ a) ⋅ ⃗B = 0

∴ A0 ≈ g2c
16π2

( ⃗∇ a) ⋅ ⃗B
2g2 |ϕ1 |2

∼ M2
c A0 ∼ *(g2v2

1 /c2) A0 for large c



Numerical calculation
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• positive definite -> no obstacle

Energy:

+( g2c
16π2 )

2 (( ⃗∇ a) ⋅ ⃗B )
2

2g2 |ϕ1 |2

• Minimizing energy via non-linear conjugate gradient method

ℰ = |Diϕ1 |2 + |∂iϕ2 |2 + V(ϕ1, ϕ2) + 1
2g2 (∂iAj)2

• CPU 400-cores parallelizing on YITP computer cluster

• lattice spacing =  ,  , converged w/ O(1) hours0.4/gv1 N = 1003



preliminary

Numerical solution
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 string 
(local)

ϕ1

 string 
(global)
ϕ2

λ /g2 = 100, χ/g2 = 19.5, κ /g2 = 0.1, v2/v1 = 0.05 g2c/(16π2) = 16



Magnetic field
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preliminary

⃗B



Electric field
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preliminary

⃗E = ⃗∇ A0



Energy
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preliminary

(Local2) Out[� ]=
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Energy is dominated by  stringϕ1

total energy: E ∼ 401gv1



General setup
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More general charge assignment:

ℒ = |Dμϕ1 |2 + |Dμϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2)

V(ϕ) = λ ( |ϕ1 |2 + |ϕ2 |2 − μ2)
2

− κ |ϕ1 |2 |ϕ2 |2 + χ |ϕ2 |4

• Symmetries:

U(1)gauge : {ϕ1 → eiq1θ1ϕ1
ϕ2 → eiq2θ1ϕ2

Dμϕ1 = (∂μ − igq1Aμ)ϕ1 Dμϕ2 = (∂μ − igq2Aμ)ϕ2

U(1)global : {ϕ1 → e−iq2θ1ϕ1
ϕ2 → eiq1θ1ϕ2

q2/q1 ≪ 1
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More general charge assignment:

ℒ = |Dμϕ1 |2 + |Dμϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2)

V(ϕ) = λ ( |ϕ1 |2 + |ϕ2 |2 − μ2)
2

− κ |ϕ1 |2 |ϕ2 |2 + χ |ϕ2 |4

• Symmetries:

U(1)gauge : {ϕ1 → eiq1θ1ϕ1
ϕ2 → eiq2θ1ϕ2

Dμϕ1 = (∂μ − igq1Aμ)ϕ1

→ Also  string contains magnetic flux, but the 
solution is almost the same.

ϕ2

Dμϕ2 = (∂μ − igq2Aμ)ϕ2

U(1)global : {ϕ1 → e−iq2θ1ϕ1
ϕ2 → eiq1θ1ϕ2

q2/q1 ≪ 1
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More general charge assignment:

ℒ = |Dμϕ1 |2 + |Dμϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2)

V(ϕ) = λ ( |ϕ1 |2 + |ϕ2 |2 − μ2)
2

− κ |ϕ1 |2 |ϕ2 |2 + χ |ϕ2 |4

• Definition of "axion" is more complicated

Dμϕ1 = (∂μ − igq1Aμ)ϕ1 Dμϕ2 = (∂μ − igq2Aμ)ϕ2 q2/q1 ≪ 1

+ c
16π2 aFμνF̃μν

a ≡ 1

i q2
2v2

1 + q2
1v2

2
(−q2v1arg(ϕ1) + q1v2arg(ϕ2))

• Triangle anomaly is also complicated 

   →  will be taken as free parameter.c ψ

General setup
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Numerical solution

22

 string 
(almost local)

ϕ1

 string 
(almost global)

ϕ2

λ /g2 = 100, χ/g2 = 19.5, κ /g2 = 0.1, v2/v1 = 0.05 g2c/(16π2) = 16 q2/q1 = 0.1



Magnetic field
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preliminary

⃗B



preliminary

Helical magnetic field
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NCS[A] ≡ 1
16π2 ∫ d3x AdA = 1

16π2 ∫ d3x ⃗A ⋅ ⃗B

• Since the magnetic fluxes are linked, this soliton has finite 
helicity (Chern-Simons number):

For , q1 = 1, q2 = 0.1 NCS[A] ≃ 0.28

(   for )NCS ≃ 0 q1 = 1, q2 = 0

⃗B

⃗B

can be used for baryogenesis!

(cf: baryogenesis by helical  field)U(1)Y [Kamada-Long '16]
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Baryogenesis (work in progress)



The model
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ℒ = |Dμϕ1 |2 + |Dμϕ2 |2 − 1
4g2 F2

μν − V(ϕ1, ϕ2)

• Natural setup:  & U(1)gauge = U(1)B−L U(1)global = U(1)PQ

⇒ q1 = 1, q2 = 0.1

+ c
16π2 aFμνF̃μν

Type-I seesaw → -massν

• Axion quality problem can be avoided by gauged PQ mechanism.
[Fukuda-Ibe-Suzuki-Yanagida '17]

QCD axion → strong CP & Dark matter

⇒ v1 ∼ v2 ∼ 109−12 GeV

• Assume kinetic mixing with  in SM: U(1)Y ℒ ⊃ ϵ
2 YμνFμν

→ contains  helicity: U(1)Y NCS[Y ] ≃ ϵ2NCS[A]



Fate of link soliton
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• produced by Kibble mechanism or thermal fluctuation at T ∼ v1, v2

• classically stable but can decay by quantum tunneling

• decay after electroweak phase transition

ϕ1
ϕ2

→ change of helicity: ΔNCS[Y ] ≃ ϵ2NCS[A]

→ baryon # is generated through chiral anomaly:

ΔB = ϵ2NCS[A] per link

(∂μJμ
B ∼ YỸ + tr WW̃ )



Baryon # from link
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• Naively, anti-link is also produced →  ?nlink − nlink = 0

• need "chemical potential"  (discussed later) when produced:μ

→ generated total baryon # due to decay:

ηB = nB

s
∼ 10−10 ( ϵ

0.1 )
2

( μ/v1
0.1 )

nlink − nlink

s
≃ μ

T
nlink

s
≃ μ

T
10−6

[Vachaspati '84]

We have used nlink ∼ 10−4 T3



Origin of chemical potential?
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• Simplest choice: rotating pseudo scalar (axion-like particle)

Δℒ = c
16π2 a′ FμνF̃μν = − c

16π2 (∂0a′ ) AdA
≡ μeff

(cf: Affleck-Dine mechanism, axiogenesis [Co-Harigaya '19])

Once the link asymmetry is produced, it remains until decay. 

→ later & earlier dynamics of ALP are irrelevant.

ηB = nB

s
∼ 10−10 ( ϵ

0.1 )
2

(
·a′ |T∼v1

0.1v1 )



Testability
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• Before the links decay, they dominate the energy density of 
universe.

ρlink

ργ
T∼TEW

= Mlinknlink

T4
T∼TEW

≃ 10−2 v1
vEW

≫ 1

• The entropy production due to decay cannot be ignored.

→ probed by primordial gravitational wave?

→ distorts spectrum of primordial gravitational wave



Summary
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preliminary

 string 
(local)

ϕ1

 string 
(global)
ϕ2

• 1st example of link soliton in realistic models

• Natural setup

 {
U(1)global → U(1)PQ

U(1)gauge → U(1)B−L

→linking flux, applicable for baryogenesis

link = origin of matter

• Key: CS coupling 
c

16π2 ∫ d4x aFF̃


